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UNIVERSAL AND EXOTIC GENERALIZED FIXED-POINT 
ALGEBRAS FOR WEAKLY PROPER ACTIONS AND DUALITY 

ALCIDES BUSS AND SIEGFRIED ECHTERHOFF 

r/*\ _ Abstract. Given a C*-dynamical system (A, G, a), we say that A is a weakly 

proper X x G-algebra if there exists a proper G-space X together with a 

f *^ ■ nondegenerate G-equivariant *-homomorphism (f> : Co(X) — > M(A). Weakly 

^vj ' proper G-algebras form a large subclass of the class of proper G-algebras in 

the sense of Rieffel. In this paper we show that weakly proper X » G-algebras 
allow the construction of full fixed-point algebras A u ,a corresponding to the 
full crossed product A x a G, thus solving, in this setting, a problem stated by 
Rieffel in his 1988's original article on proper actions. As an application we 
obtain a general Landstad duality result for arbitrary coactions together with 

Tl i a new and functorial construction of maximalizations of coactions. 

The same methods also allow the construction of exotic generalized fixed- 
point algebras associated to crossed-product norms lying between the reduced 
and universal ones. Using these, we give complete answers to some questions 

^1^ ■ on duality theory for exotic crossed products recently raised by Kaliszewski, 

r'~'~\ • Landstad and Quigg. 

•a' 

1. Introduction 

If a locally compact group G acts properly on a locally compact space X, then 
we call a G*-algebra A a weakly proper X x G-algebra if there exists an action 
a : G — > Aut(A) together with a G-equivariant nondegenerate *-homomorphism 
4> : Cq(X) — > M.(A). The notion of weakly proper X x G-algebras is much weaker 
than the notion of an action of the proper groupoid X x G, which requires that 

iy-N (f) takes values in the center ZM{A) of the multiplier algebra M.{A). On the 

other hand, the notion of weakly proper X x G-algebras is stronger than Rieffel's 
notion of proper G-algebras (or proper actions on G*-algebras) as introduced in 

£T} • [23]. In fact, as shown by Rieffel in [26, Proposition 5.7], the dense subalgebra 

A c :— (f)(C c (X))A(j)(C c (X)) carries a natural A x Q r G-valued inner product and 
the (reduced) generalized fixed-point algebra Af' a is just the algebra of compact 
operators of the module F(A) r which denotes the completion of A c as a Hilbert 
A x Qr G- module. Rieffel's generalized fixed-point algebra can be realized as the 
closure in M.(A) of the fixed-point algebra with compact supports 

(1.1) A?-" := 4>{C C {G\X))A^4>{C C {G\X)) 

with 

Af> a = {m G M(Af> a : mcj>{f), <j>{f)m G A c for all / G C C (X)} 

where M{A) ,a denotes the classical fixed-point algebra in M.{A) under the ex- 
tended action. 

Looking at these results, it seems at first sight that the theory of generalized fixed- 
point algebras in relation to the crossed product of A with G makes only sense for 
reduced crossed products. In fact, as observed by Rieffel in [351 PP- 145-146], it is 
not clear for general (Rieffel-) proper actions, whether the L 1 (G, A)-valued inner 
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2 ALCIDES BUSS AND SIEGFRIED ECHTERHOFF 

product on A c satisfies the positivity condition for C*-valued inner products when 
mapped into the full crossed product A y\ a G. On the other hand, in the recent 
paper [13] . the authors show that for certain proper actions on C*-algebras which 
can be realized as cross-sectional algebras of Fell bundles over certain groupoids, the 
inner product with values in the maximal crossed product does make sense, and it 
leads to a universal version of Rieffel's generalized hxed-point algebra in these cases. 
It lies in the nature of cross-sectional algebras of Fell bundles that the results in [T3] 
are technically quite challenging. Also, one observes that all examples considered 
in [T3j are weakly proper X x G-algebras in our sense for suitable X (see Step 1 in 
the proof of [131 Proposition 3.3]). 

In this paper we show that, indeed, for every weakly proper X x G-algebra A, the 
canonical G C (G, A)-valued inner product on A c gives a well-defined inner product 
with values in A X a G and hence A c completes to a Hilbcrt Ax a G-module T U (A). 
The G*-algebra of compact operators on F U (A) is realized as a completion A^' a of 
the generalized fixed-point algebra with compact supports A^' a of (|1.1|) and we call 
A^' a the universal generalized fixed-point algebra of A. We say that A is saturated, 
if the A yt a G- valued inner product on F U {A) is full, in which case F U {A) becomes 
a A^< a — A x Q G equivalence bimodule. This is always the case if the action of G on 
X is free and proper, but this is not a necessary condition. In general !F U (A) will be 
a partial A^' a — A x Q G equivalence bimodule implementing a Morita equivalence 
between A^ ,a and a suitable ideal in A x Q G. 

Hence the universal theory of generalized fixed-point algebras always works in 
the case of weakly proper actions. Although a lot of progress has been done recently 
in the setting of generalized fixed-point algebras for weakly proper algebras (e.g. see 
P1I3UT5]). it is quite surprising that this fact has not been noticed so far. 

Our methods also allow the construction of generalized fixed-point algebras as- 
sociated to exotic crossed products, meaning G* -completions of C C (G, A) lying be- 
tween A x u G and A x r G, as discussed in a recent paper by Kaliszewski, Landstad 
and Quigg [12J and motivated by an earlier study of exotic group algebras by Brown 
and Guentner [B] . In the second part of this article we use this kind of generalized 
fixed-point algebras for weakly proper G x G-algebras (in which G acts on itself 
by right translation) to study duality results for exotic crossed products. In [TJ] 
it is shown that any G-invariant weak*-closed ideal E in the Fourier-Stieltjes al- 
gebra B(G) of G gives rise to exotic crossed-product norms || • \\e such that the 
crossed products A X a ,E G always admit dual coactions Se- Using such norms, the 
A^' a — Ax a G bimodule J- U (A) factors to give a partial equivalence A E ' a — Ax a EG 
bimodule T(A)e and following ideas of Quigg in [2T], we shall show that there ex- 
ists a canonical coaction of G on T(A)e which is compatible with Se and therefore 
implements a coaction Se on the E- generalized fixed-point algebra A E ' a . The dual 
system for the coaction crossed product [A E a x,5 E G, Se) is isomorphic to the origi- 
nal system (A, a) and the coaction Se on Be '■= A E a satisfies E-Katayama duality 
in the sense that 

B E * Se G x 7e G*B e ® K(L 2 G) 

via a certain canonical map. (In fact a similar statement is true for any completion 
A x Q . M G of C C (G, A) by any G*-norm || • || M which admits a dual coaction a M . Such 
norms are not necessarily attached to an ideal E in B(G)). Thus our results can 
be viewed as a version of Landstad duality for E'-coactions. 

In particular, if we start with any coaction 8 : B — > M.(B % C*(G)), then 
A = B Ma G becomes a weakly proper G x G-algebra in a canonical way. Given 

E C B(G) as above, the corresponding coaction Se on Be := (B x$ G) e has the 
following properties: 
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(El) S E satisfies E'-Katayama duality, i.e., B E Xs E G x^ £ G = B E <8> IC(L 2 G). 

(E2) The dual systems (B x$ G,S) and (Be >^s e G,8e) are isomorphic. 
(E3) HE — B(G), then (B U ,S U ) := (Bb{g)i &b(g)) i s the maximalization of 
(B,<J) and if E = B r (G) (the weak*-closure of A(G)), then (B r ,<S r ) := 
{BB r (G)i ^B r (G)) is the normalization of (5. 
Note that for E = -B(G) we get maximal crossed products and for E = B r (G) we 
get reduced crossed products. For (B U ,S U ) and (B r ,S r ) being the maximalization 
and normalization of 5 means in particular that the dual systems 

(B u x,5 u G,S U ), (B x s G,6) and (B r x\ Sr G,5 r ) 

coincide, (B u , S u ) satisfies duality for the full crossed product and (B r , S r ) satisfies 
duality for the reduced crossed products. Normal coactions have been introduced by 
Quigg in [22] and they are in natural one-to-one correspondence to coactions of the 
reduced group C*-algebra C*(G). It is also shown in [22] that every coaction has a 
normalization as above. A proof that maximalizations exist was first given in [Sj, but 
the construction given here is canonical and has better functorial properties. Indeed, 
in the two final sections of this paper we prove that our constructions of exotic (and, 
in particular, maximal and reduced) generalized fixed-point algebras are functorial 
for categories based on (equivariant) homomorphisms between C*-algebras and 
extend to exotic norms the categorical version of Landstad duality obtained by 
Kaliszewski and Quigg in [13] . 

Furthermore, from the above results we also deduce a positive answer to [12] 
Conjecture 6.14]: if E is a G-invariant weak*-closed ideal in B(G), then for any 
action a : G — > Aut(A) the dual coaction Se on A x Q # G satisfies _E-Katayama 
duality. On the other hand, we shall also give an example which shows that there 
are coactions which do not satisfy ^-duality for any given E C B(G) as above, thus 
giving a negative answer to [T2J Conjecture 6.12]. 

2. Some preliminaries on proper actions 

Recall that an action of a locally compact group G on a locally compact (Haus- 
dorff) space X is called proper if the map 

G x X -> X x X; (g, x) h-> (gx, x) 

is proper in the sense that inverse images of compact sets are compact. Proper 
actions are extremely nice: their orbit spaces G\X are always locally compact and 
Hausdorff and all stabilizers G x — {g G G : gx = x} are compact. Another property 
which characterizes properness is the so-called wandering condition: for any two 
compact subsets K 1 ,K 2 C X the set C(K 1 ,K 2 ) := {g £ G : gK 1 n K 2 ^ 0} is 
compact in G. Let t : G -> Aut(Co(X)) denote the corresponding action of G on 
the algebra Cq{X) of continuous functions on X which vanish at oo given by 

(r g (f))(x) = f(g- 1 -x). 

Let Cq(X) x t G denote the crossed product for the action of G on Cq(X) (note that 
for proper actions on spaces the full and reduced crossed products coincide, so we 
can take either construction here). If the action of G on X is proper and free (i.e., 
all stabilizers are trivial), it follows from work of Green and Rieffel (e.g. see [iTll2~I] ) 
that there is a canonical Co(G\X) — Cq(X) x t G Morita equivalence constructed 
as follows: Let B = G C (G, Co(X)) be viewed as a dense subalgebra of Cq(X) x r G 
and let E = C C (G\X) C C (G\X). Then T C (X) := C C (X) can be made into an 
Eq — Bq pre-imprimitivity bimodule by defining left and right Eq- and Bo-valued 
inner products and left and right actions of Eq and Bq on J- C (X), respectively, given 
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by 



((^\v)) Bn (t,x)=A(t)- 1 /H(x)v(t- 1 x) 



JG 

(£ . <p)( x ) = f A(t) -1/2 f (t- 1 s)v(t- 1 ,* _1 »)) dt, and 

/ • £(a0 = /(GaOtfz) 

for all £,77 G ^(X),^ G -Bo and / G Eq. The pre-imprimitivity bimodule ^(X) 
completes to give a Cq(G\X) — Cq(X) x t G imprimitivity bimodule J-(X). If the 
action of G is not free, we still get a Hilbert Cq(G\X) — Cq(X) x t G-bimodule 
F{X), but the C7q(X) x r G- valued inner product will not be full. But if we define 

I x :=spSn{U\v)}co(x)^G : "^ ^ .F(A)}, 

then Ix is a closed ideal in Cq(X) x G such that T(X) becomes a Cq(G\X) — Ix 
imprimitivity bimodule. 

There have been many attempts to extend the notion of properness to C*-dy- 
namical systems (A, G, a) and to obtain analogues of the above Morita equiva- 
lences. The weakest notion for proper actions is due to Rieffel (see [25], [M]), and 
his concept has been studied in a number of papers by several authors (e.g. see 
[2HI3E3I1I1I251I2§1)- In E3 Rieffel says that an action a : G -> Aut(A) is proper, 
if there exists a dense a-invariant subalgebra A c (playing the role of C C (X)) such 
that the following conditions are satisfied: 

• For all a,b £ A c the functions t H> A(t) _1 / 2 a*a t (6) and t i->- a*a t (b) lie in 
L l (G,A), and 

• for any a, b £ A c there is a unique element E (( a \ ty) in 

M{A c ) G ' a = {me M{A) G ' a : mA c ,A c m C A c } 
such that for all c G A c we have 



) ((o|6))c= / a t (ab*)cdt. 

JG 



Eq \ 

/G 



Notice that, different from [5S], we let _B (( a I b)) act on the left of A c . Thus our 
constructions are dual to the ones performed by Rieffel. A similar approach which 
is consistent with our constructions (up to factors involving modular functions) has 
been used by Meyer in [2D] . 

Under the above conditions, Rieffel shows that A c equipped with the A x Qir G- 
valued inner product 

(( a \ b ))Ax rG = (* ^ Mty 1/2 a*a t (b)) G L\G, A) C A x r . G 

completes to give a Hilbert A x Q r G-module ^"(A) r such that its C*-algebra of com- 
pact operators can be naturally identified with the generalized fixed-point algebra 
A G ' Q defined as 

A G > a :=span{ £o ((a|6}} : a,b E A c } C M{A). 

A proper action in this sense is called saturated if the A x a ,. G- valued inner product 
on J 7 (A) r is full, so that J-(A) r becomes a A G ' a — A x Q r G imprimitivity bimodule. 
In general, J-(A) r will be an imprimitivity bimodule between A G ' a and the ideal 
I(A) r :— span{((a | b)) Ayl G : a,b G A c }. The notion of integrability introduced in 
[2S] even extends the above notion of properness, but lacks a suitable definition of 
generalized fixed-point algebras and corresponding Morita equivalences. Another 
extension of Ricffcl's theory is given by the theory of continuously square- integrable 
actions due to Meyer (see [10])) which seems to be the weakest notion of properness 
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allowing a construction of a reduced generalized fixed-point algebra. However it 
is not clear whether such proper actions allow the construction of full generalized 
fixed-point algebras. 

Assume now that A is a weakly proper X x G-algebra. Recall that this means 
that X is a proper G-space and that A is endowed with an action a : G — )• Aut(A) 
and a G-equivariant nondegenerate *-homomorphism <f> : Cq(X) — > /A (A). We 
shall sometimes simply say that (A, a) is a weak X x G-algebra. ft has been shown 
by Rieffel in [23 Propositon 5.7] that A c := (f>(C c (X))A(j)(C c (X)) provides a dense 
subalgebra as in the above discussion and therefore the action of G on A is proper 
in Rieffel's sense. 

To see that the notion of weakly proper X x G-algebras is quite general we should 
remark that every action a : G — > Aut(A) is Morita equivalent to a weakly proper 
G xi G-action (with G acting on itself by right translation): simply consider the ac- 
tion a <g> Adp : G —> A ® K.(L 2 G), where p denotes the right regular representation, 
and then \a® M : Cq(G) — > A4(A ® JC(L 2 G)) provides the desired G-equivariant 
homomorphism, where M : Cq(G) — > C(L 2 G) denotes the representation by mul- 
tiplication operators. We should also note that weakly proper X x G-algebras 
have been studied in several papers (using different terminology) in the context of 
Rieffel-proper actions (e.g. see [21151115] ). 

In what follows, we often write / ■ a (resp. a ■ f) for the element <fi(f)a (resp. 
cuf>(J)) if o e M(A) and / e C b (X). 

Definition 2.1. Suppose that A is a weakly proper X x G-algebra. Let A c :— 
C C {X) ■ A ■ C C {X) and let 

Af a := {m € M(A) G > a : m ■ f,f ■ m € A c for all / £ C C (X)}. 

Then the generalized fixed-point algebra for A with compact supports is the algebra 

Af a := C C (G\X) ■ Af a ■ C C (G\X). 

It is straightforward to check that A G,a is a ""-subalgebra of M(A). In the 
following proposition we let || • || M denote any crossed-product norm, meaning any 
given G*-norm on C C (G,A) such that || • || r < || • || M < || • ||„, where || • || r denotes 
the reduced norm given by the (left) regular representation A^ of C C (G,A) on 
L 2 (G,A) and || • ||„ denotes the universal (or maximal) norm on C C (G,A). We 
then write A x QM G for the completion of C C (G, A) with respect to || • || M and 
call A » a ,fi G the fi-crossed product of (A, G, a). Observe that such exotic crossed 
products correspond to quotients of A x Q u G by ideals contained in ker(A^). With 
this notation we get: 

Proposition 2.2. Suppose that A is a weakly proper X x G-algebra. Let T C (A) = 
C C (X) ■ A and let Bq = C C (G,A) be viewed as a dense subalgebra of A x Q , p G. 
Then there is a Bo-valued inner product on !F C {A) and a right action of Bq on 
J- C (A) defined as 

((e|ry)) Bn (t)^A(i)- 1/2 r^W and 

£•¥>= f A(t)- 1 / a o t (ft'(*- 1 ))<fc 

Jg 

which turns T C (A) into a pre-Hilbert Bo-module. These operations extend to the 

completion J-^A) with respect to the norm ||£||^ := \\((£,\v))b IU > so that ^(A) 
becomes a Hilbert A x QM G-module. Moreover, there is a faithful * -homomorphism 
\& n : A^' a — > K(^Fp,(A)) with dense image, given by 

(2.4) *mM£ = m ^ f° r aU m e A c' a ,£ e F C (A), 

where on the right hand side we use multiplication inside M(A). 
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Before we start with the proof, we want to give a definition of an A^ ,a -valued 
inner product on PF C (A) which will play a crucial role in the proof of the proposition. 
Recall that A c :— C C (X) ■ A ■ C C (X). The following lemma is basically due to Ricffcl 
and Kaliszewski-Quigg-Raeburn (see the proof of [HH Theorem 5.7] and [T5, §2]). 
Recall first that for any proper G-space X, there exists a surjective linear map 

E T : C C (X) -> C C (G\X); E T (f)(Gx) = / f{r x x) dt. 

JG 

This extends to weakly proper X x G-algebras A as follows: 

Lemma 2.5. There is well- defined surjective linear map E : A c — > A G,a such that 

(2.6) E(a)c = / a t (a)cdt for all c E A c . 

JG 

The map E has the following properties: 

(1) We have E(a*) = E(a)*, E(ip ■ a) = ip ■ E(a) and E(a • ip) = E(a) • ip for all 
ip E C C (G\X) and a e A c . 

(2) For all m E A^ a , a £ A c and f E C C {X) we have E(ma) = mE(a), 
E(m ■ /) = to ■ E r (/), E(am) = E(a)m and E(/ ■ m) = E T (/) • to. 

f5j For every m E A^' a i/iere exists f <E C C (X) smc/i that E(m-/) = E(/-m) = 

77! . 

C^J For a^/ pairs f,g€ C C (X) the linear map E^ >9 : A — > M{A)\ a h-> E(/ ■ a- g) 
is norm continuous. 

Moreover, there is an Af ,a -valued inner product on F C (A) given by 

a«((S\ti)) :=mv*) 

which then satisfies the equation 

(2-7) t-{(v\0) Ba =A ? U\v))-( 

for all ^,77, C £ F C (A) 7 where the left and right actions and the Bg-valued inner 
products are as in the proposition. 

Proof. The fact that formula (|2.6p determines a unique element in Ai(A) G,a has 
been shown in the proof of [2"6l, Proposition 5.7] and it follows easily from this 
formula that E(a*) = E(a)* for all a G A c . The formulas in (1) and (2) are easy to 
check but can also be found in [15, Lemma 2.1 and Lemma 2.3]. 

It is shown in [13 Lemma 2.3] that / • E(a), E(a) ■ f E A c . So E(o) € A^ a . Now 
if a = f ■ b ■ g for some /, g G C C (X) and b E A and if %j> 6 C C (G\X) + such that 
tp = 1 on G • (supp / U supp g), then a = ip ■ a ■ ip and (1) implies 

E(a) = E(V> ■a-ip) = ip- E(a) • -0 

from which it follows that E takes values in the algebra ^4^'". On the other hand, 
if 777 € Af' a , we can write m = ip ■ m ■ ip for some function ip E C C (G\X). Now, 
choose a function / E C C (X) such that E T (/) = ip. Then it follows from (2) that 
E(m ■ f) = m ■ E T (/) = 777 and similarly that E(/ • 777) = 777. Since m ■ f E A c , this 
shows in particular that E(^4 C ) = A^' a . 

After having observed surjectivity of E : A c — > A^' a the properties for the A G < a - 
valued inner product follow from the proof of (5S1 Proposition 5.7]. 

Finally, (4) follows from [21 Lemma 3.6]. □ 

The map E : A c —> A^' a will be sometimes written as an integral E(a) = 
J G at(a)dt. It can be shown that E(a) is, indeed, an integral in the sense of Pettis 
with respect to the strict topology in M.(A) (cf. [7, Proposition 2.2]). 
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Proof of Provosition \2.SX Recall from [SSJ Lemma 2.16] that J- C {A) is a pre-Hilbert 
-Bo-module if the right action of Bq on F C {A) and the -Bo-valued inner product 
satisfy the following conditions: 

) B is -Bo-linear in the second variable, 



• ( 

• ((£h»B = <v7|£» Bo ,and 



• ((£ \0)b — as an element of A X a ^G for all £, 77 G J" C (A). 

From these conditions the first two are well known (and easy to check), so we 
concentrate on the positivity condition. Since A x aj/J G is a quotient of the universal 
crossed product Ax a G = i x a ,u G, it suffices to show positivity in this case. 

For this let £ 6 .^(.A) be given. Then we may write £ = / • a for some / £ G C (X) 
and aei. Recall that the canonical embedding la : A —> Ad(Axi a G) is determined 
by the equations 

(iA(o>)<p)(t) = aip(t) and (ipLA{a))(t) — ip(t)a t (a) for ip 6 _B . 

On the other hand, the G-equivariant *-homomorphism : Co(X) — > Ad (A) induces 
a *-homomorphism xi G : Cq(X) x r G — > .M(A x Q G) such that, for a function 
,g G G C (G, C (X)) and /i e G C (G, A), we have x G(g)h — g * h, where g * h(t) := 
J G g(s) ■ a s (h(s" 1 t))ds. Using this one easily checks that 

(L A (a){ct>xG)(g)){t) = a-g(t) and ((0 x G)(g)t A (a))(t) = g(t) ■ a t (a) 

for all g G C C (G, Co(X)) and a e A We then compute 

((/ • a\f ■ a)) Bo (t) = A(i)- 1/2 (/ • «)*«*(/ • a) = a* • (Aft)" 1 / 2 • (/>*(/))) • a t (o) 
= (t a (a*)(* x G)(((/|/)) Co(x)xG ) t A(o))(t). 
Hence, we get 

((S\0) b = <(/•«!/■ a» Bo = ^(o*)(^ x G)(«/|/» CoW „ G Ma) 



inside Ad(A x Q G). Since the Go(X) x G-valued inner product on F{X) = C C (X) 
is known to be positive, it follows that ((/ • a\f ■ a)) B is positive in A x„ G. 

At this point we should also note that ((£ \£,)) B ^ if £ 7^ 0, which follows from 
the fact that ((£|0>s ( e ) = £*£ > in A and that the imbedding of C C {G,A) into 
A » a ,fi G is injective (since this is already true for the reduced crossed product). 

It now follows that F C {A) completes to give a Hilbert A x QjM G-module J-^{A). 
The fact that A^' a acts as a dense subalgebra of JC^^A)) follows from Lemma 
12.51 Equation (|2.7p implies that for any pair £, r\ G .^(A) the left inner product 
A<*((£|j?)) = E(£?7*) acts as the compact operator O^ on J-" M (A). In particular, this 
operator is non-zero if £, 77 7^ 0. Since .F c (A)J-" C (A)* = A c and since by Lemma l2~5l 
we have E(A C ) = A^' a we see that left multiplication of A^ ,a on .F C (A) induces an 
injective *-homomorphism of Af' a onto a dense subalgebra of 1C(J-^(A)). D 

Definition 2.8. Suppose that A is a weakly proper X x G-algebra and let || • || M 
be any crossed-product norm on C C (G, A). Then the /x-fixed-point algebra of A is 
defined as 

In other words, Af[' a is the completion of AJ? ,Q with respect to the norm induced 
by the left action of A^' a on J>(A). 

We now want to give an alternative construction of the module .7-^ (A). For this 
recall that F{X) = F(C (X)) denotes the canonical Hilbert C (G\X)-C (X) x T G- 
bimodulc for the proper G-space X. 
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Proposition 2.9. Suppose that A is a weakly proper X x G-algebra. Let cf> x M G : 
Cq(X) x t G — > A4(A » a ,[i G) denote the canonical nondegenerate * -homomorphism 
induced from the G-equivariant * -homomorphism (j) : Cq(X) — > M{A). Then there 
is an isomorphism of Hilbert A xi Q , M G -modules 

tf„ : T{X) ®c (x)xg {A x q ,a< G) -*• F^{A) 
given on elementary tensors / ® ip £ C C {X) ® C C (G, A) by 

(2.10) *„(/ ® p) = / Alt)- 1 / 2 ^^/ • ^(i- 1 )) dt. 



In particular, it follows that the A x a . M G-valued inner product on J-^{A) is full 
whenever G acts freely on X . 

Proof. An easy computation shows that \I/ M (/ <S> <p) ■ ip = ^(/ ® (</? * ?/>)) f° r a U 
(p, ip £ C C (G, A) and / G C C (X), so that the result will follow if we can show that 
, $ , jU is an isometry with dense image in Tfj,{A). To see that it is isometric it suffices 
to check ((*„(/ ® v?) | * M ( 5 ® V))) Sn = ((/ <8> <p | ff ® # Bo for all / $ ^, 5 ® V G 
C C (X) ® C C (G, A). For this we compute 

((/ ® ¥> 1 5 ® ^)} Bo (*) = «P I ((/ 1 9)>x ' ^)>B (*) 

= v**«(/ls»x*^)(*) 

A( S - 1 )a s (^( S - 1 )*A(r)- 1 / 2 /Tr(ff)a r (V(r- 1 .s- 1 i)))drd S 



>GJG 



A(s<r)- 1 /2 0a (^(*- 1 )*/7i-itr(ff)a.-^(V'(r- 1 )))drd8 
A(«tr)- 1 /a a .(^(«- 1 ))V a (/)T tP 07)a tr (^(r- 1 ))drd8 

G JG 

= A(i)- x /2^(/ g, ^)*a t (^(.g ® V)) 
= «M/®y)l*/*(5®^))) Bo (*). 

Thus the proposition will follow if we can show that vf^ has dense image in J-^{A). 
We postpone the proof for this to Lemma 12.131 below. □ 

In what follows we need to argue at several instances with certain inductive limit 
topologies on B a = C C (G,A), A c = C C (X) ■ A-C C (X), F C {A) = C C {X)-A and A^ a . 
In case of Bq = C C (G,A), this is the usual definition of uniform convergence of nets 
(ifi) with supports supptp^ lying in a fixed compact set for all i £ I. In the other 
cases the definitions are as follows: 

Definition 2.11. (1) If (aj)jg/ is a net in F C (A) (resp. in A c ), we say that 
fli -> a £ F C (A) (resp. in A c ) in the inductive limit topology, if a, — > a in A in 
the norm topology and there exists some / £ C C (X) such that aj = f ■ (H (resp. 

a i = f • a i • f) for all i £ I- 

(2) If (mi)i e j is a net in A^' Q , we say that rrii — > m £ A^ Q in the inductive 
limit topology if m, — >■ m in ./Vf (A) in norm and the following conditions hold: 

(i) There exists ip £ C C (G\X) such that rrii — ip ■ mi ■ ip for all i £ I, and 
(ii) rrii- f — > to • f and / • rrii — > f ■ to in the inductive limit topology of A c for all 

feC e (X). 

Lemma 2.12. Let A fca weakly proper X x G-algebra. Then all pairings in the 
pre-Hilbert A^- a — B^-bimodule J- C {A) are jointly continuous with respect to the 
respective inductive limit topologies. 
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Proof. There are four pairings to consider: the A^ ,a - and Bo-valued inner products 
on F C (A) and the pairings coming from the left and right actions of A^ ,a and Bq 
on J- C (A), respectively. We do the inner products here and leave the action-pairings 
to the reader. 

For the Bo-valued inner product on J- C (A), let £, — >■ £ and 77^ — >■ 77 in the inductive 
limit topology of T C (A) and let / € C C (X) such that / • & = & and / ■ rjt = r]i for 
all iG/. Then the computations in the proof of Proposition 12 . 21 show that 

m\vi)) Bo (t) = -^1/ ■ m)} Bo (t) = & • «f\f))x(t) ■ ^ii) 

which clearly converges to t •->■ £ • ((/ 1 /}} x (£) • a t (r]) — ((£ | 77)) B (t) in the inductive 
limit topology of B . 

For the left inner product a<* ((• | •)) we first observe that if £j — > £ and 77, — >■ 77 
in the inductive limit topology of J-" C (A), then £$77* — > £77* in the inductive limit 
topology of A c and it follows then from Lemma l2~51 ('4) that a° ((& \t]i)) = ^(£«?7i*) ~^ 
E(6/*) = A-((Z\v)) in norm. Moreover, if / e C C (X) such that / • (&»£) ■ f = &»£ 
for all i € I and if ip € C C (G\X) such that ip = 1 on G ■ supp /, then it follows that 
"0 ' A° ((& I %)) ■ ip = A° ((& I »7t)) for all i G I. Finally, for fixed ,g G C C (X), we have 

3-A ? (^l^»=.9-E(/-e^*-/) 

9 • <xt(f • tiVi ■ f) dt 

G 
st 

g-n(f) -a t {£,iVi) -Tt(f)dt. 

G 

If we choose a function ft, 6 C C (X) such that ft = 1 on K ■ supp/ U suppg, where 
K = supp(t i-> gn(f))) C G, we see that h-(g- A? ((& | rfc))) • ft = 5 • A? ((& | ?/,-)) for all 
i € J and it is easy to check from the above formulas that g- a^ ((£•; \rii)) ~^ 9'A^ ((£ | ^}) 
in norm. Hence g ■ A a ((& \Vi)) ~* 9 ' A a ((£ I ?7)) m the inductive limit topology and a 
similar argument shows that A a ((£,i \Vi)) '9 ~~ ^ A a {{£,i \Vi)) '9 m the inductive limit 
topology of A c . □ 

Lemma 2.13. Le££ = f-a G ^(A) be fixed. Then, there exists a netifi G C C (G, A) 
such that *&(t(f ®(fi) = J G A(t)~ 1 ' 2 a t (f -(pi(t~ 1 )) dt converges to £ in the inductive 
limit topology of J- C (A). In particular, the map ^ : J~{X) ®c (x)yiG (A x Q . M G) — > 
J-" M (^4) of Proposition HOI z's surjective. 

Proof. Let Wbea neighborhood base of the identity e€ Gby symmetric compact 
neighborhoods and let (pu £ C C (G) + with supply C U, (p(t) — ^(/j _1 ) for all t G G 
and J G ipu(t)dt = 1. Let y>u <E C c (&, A) be defined as <£a(£) = A(t) 1 / 2 a t -i(a)<^(t). 
It is then easy to check that {fu)u&J does the job. 

Since, by Lemma 12. 121 the inductive limit topology is stronger than the norm 
topology on J- C (A) C T^(A), it follows that ^ has dense image in F^{A). Since it 
is isometric, it is surjective. □ 

3. Representations of generalized fixed-point algebras 

Assume that A is a weakly proper X x G-algebra. In this section we describe 
the representations of generalized fixed-point algebras Arf' a - where || • H^ is some 
fixed crossed-product norm - via the induction process given by the partial Arf' a — 
A Xq.^i G imprimitivity bimodule T^A). 

Recall that the (nondegenerate) representations of the maximal crossed product 
A x Q G are the integrated forms n M U of covariant representations (n, U) of the 
system (A, G, a). Throughout, we assume all representations to be nondegenerate 
and also allow representations on Hilbcrt modules (not only on Hilbert spaces). 
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Let || • Up be a crossed-product norm on C C (G,A) and let J M be the kernel 
of the surjection q^; A x u G — > A x M G. Then, representations of A x M G = 
(Ax u G)/J )J , correspond to representations of Ax u G vanishing on J M , i.e., covariant 
representations (n, U) with J M C ker(7r x 17). Such a representation (71-, 17) will be 
called a fi-covariant representations, and the corresponding representation of Ax^G 
will be denoted by it x m [/. 

Since 7" M (A) is an imprimitivity >lff' a — I^-bimodule, where 1a, ^ is the ideal 
span{ ((£ 1 17))^ G : £,77 G J-^(A)} of A x p G, the representations of A^' a are (up 
to unitary equivalence) the representations which arc induced via J-^(A) from the 
nondegenerate representations of 1a, p,- Since every nondegenerate representation 
of an ideal uniquely extends to a representation of the full algebra, we may de- 
scribe the representations of A^< a as those representations which are induced from 
representations of A x p G which restrict to nondegenerate representations of 1a,\i- 

For a given /i-covariant representation (w, U) of {A, G, a) on a Hilbert B-module 
y, recall that the representation of A^ ,a induced from tva^U via JF^ (A) acts on the 
Hilbert B-module ^ind^ac/) '■= ^>(^) ®Ax„g y via the action of A^' a on F^{A). 
The following result gives an explicit description of this representation. 

Proposition 3.1. Let (A,a,(f>) be a weakly proper X X G-algebra, let || • || M be a 
crossed-product norm on C C (G,A), and let (ir,U) be a /i-covariant representation 
of (A,G,a) on a Hilbert B-module y. Let Ho := n(C c (X))y ', where fr :— 7r o <j>, 
equipped with the (semi-positive definite) B-valued inner product 



(3.2) (£\ri)o-= / Htr 1/2 {iWtri)Bdt 

JG 

and consider the left action of A^' a on Ho given by 

(3.3) m • £ = 7r(m)£, 

where we extend it to Ai(A) and use the fact that A^ ,c " C M(A). Then this action 
extends to a representation Ind ' Q (7r xi U) of A^' a on the Hausdorff completion 
H = Ind^' a (y) of Ho which is unitarily equivalent to the induced representation 
Ind^ (A) (vr x U) ofAf a on y lnd( „ Xfl u) via T^A). 

In particular, if w "X^Lf is faithful (i.e., if ker(7r x U) = J^), then Ind ' Q is a 
faithful representation of A 1 ?' . 

Proof. First note that the integral in (|3.2|) exists: since £,77 G x(C c (X))y, we may 
choose /, g G C C (X) such that £ = #(/)£ and 77 = x(g)rj. Then 



G JG 

= f &(t)- 1/2 (S\*(fT t (g))U t Ti) B dt, 

JG 

hence we integrate a continuous function with compact support. We should also 
remark that m • £ G "Ho for all m £ ^?' Q and £ G Ho- For this let / G C C (X) such 
that £ = 7f (/)£ and choose g £ C C (X) such that 5 • m • / = m • / (such 5 exists since 
m • / e Ac). Then m • £ = Tr{g)-K{m ■ /)£ G H . 
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In a next step, we use the decomposition T^A) — F{X) ®c {x)-aG (^ x M G) of 
Proposition 12 . 91 to see that 

= (J 7 (X)® Co (x)xG(Ayi fl G))® A> , tLG y 

= J r (X)(g, Coix y AG ({A>i l ,G)(g) A ^ tiG y) 
e 

= F{x)® Co(x)>iG y 

Note that we denoted the first isomorphism in the above row by <I> and the last one 
by 0. For bookkeeping, the inverse 

$- x : T(X) ® Go(X )xG {A >V G) 8AX.G V -► Fp{A) ®a»^g y 

of the isomorphism $ sends a triple elementary tensor 

f ® ^ ® ^ e C C {X) ® C C {G,A) ®y 

to the elementary tensor 

*„(/ ® </?) «> c e j" (A) ® y 

with * M (/ <8<p) = f G A(t)~ 1/2 a t (f ■ ifit^ 1 )) dt, and we have 

©(/ ® v ® = / ® (t x M £%)£) e G C (X) ® y. 

To proceed, we now consider the surjective linear map V : J-~ C (X) Q} 7 — >%o given 
on elementary tensors by V(f <S> £) = ?K/)£- A short computation yields 



= f m- 1/a (Hf)Z\Ut*(9)v)dt 

JG 

= {Hm*(9)ri)o = {V(f®0\V(g®r l ))o. 



It follows that (• | -)o is a positive semi-definite B-inner product on Ho such that 
V extends to a Hilbert S-module isomorphism between F(X) ® G() (x)-xG 3^ and the 
Hausdorff completion of Hq with respect to this S-inner product. Thus, putting 
things together, we obtain an isomorphism of Hilbert _B-modules 

We now have to check that this isomorphism intertwines the induced representa- 
tion Ind ' ' (7r xi M U) with the representation determined by the left action of Af' a 
on Ho as in (|3.3[) . For this let m £ Af' a and let / ® <p ® £ be a triple tensor in 
G C (X) ® C7 C (G, A) ® y C J-(X) ® Co (Jf)*G (^ *„ G) ® Ax „ 3>. We then get 

Ind^ (A) (7T *„ t/)(m)($- 1 (/ © <^ © £)) = m • *„(/ ® p) ® £ 

Choose a function 5 £ G C (X) such that g-m- f — m-f, which exists since m- f £ j4 c . 
Using the G-invariance of m, we get 



Jg 

= / Aftr^b.m./'^ 1 ))*^ 
Jg 
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where i A : A — > A4(A x M G) denotes the canonical inclusion. The isomorphism 
Vo9o$: yind(7rx u) ~> T~L sends this element to 

V o 6( 5 ® i A (m ■ f)<p ®0 = V(g®ir x p U(i A (rn ■ f)<p)£) 

= V(g^>Tr(m-f)nX^ U(<p)£) 

= ir(g-m- f)n x M £/(^)£ 

= 7r(m-.f)7r x p U(tp)£ 

= 7r(m)(7r(/)7r x M £%)£) 

This completes the proof of the first assertion in the proposition. The final asser- 
tion follows from the fact that the induction process via imprimitivity bimodules 
preserves faithfulness. □ 

Next, we arc going to describe what happens if we induce to generalized fixed- 
point algebras the covariant regular representation A^ of (A, a) on the Hilbcrt 
A-module L 2 (G, A) . Recall that A^ is the integrated form of the covariant repre- 
sentation (a, 1 ® A) on L 2 (G, A) Si® L 2 G, where a(a)£\t ■= a t -i(a)£(£) for all 
a £ A, t £ G and f e C C (G,A) C L 2 {G,A), and A: G -> U{L 2 G) is the (left) 
regular representation of G. Recall that ker(A^) = J r D J M so that (a, 1 A) is 
a /^-representation for every crossed-product norm || • || M on C C (G,A). Hence A a 
factors through a representation A^ of A x ^ G on L 2 (G, A) for every fi and A^ is 
faithful if and only if /i = r. Of course, if A^ is faithful, then A^ is faithful for 
every /j,. The following result describes the induced representation Ind '"(A^) of 

Proposition 3.5. With notations as above, there is an isomorphism 

*: lndf a (L 2 {G,A)) ^ A 

of Hilbert A-modules which sends a function ( £ C C (X)-C C (G, A) C Ind^'" (L 2 (G, A)) 
to^(C):=J G A(t)- 1 / 2 C(t)dt£A. 

Via this isomorphism, the representation Ind ' a (Ay[) of A^ a into A4(A) = 
Ca{A) is given by the extension to A^' a of the canonical inclusion map Af> a ^-> 
A4(A). In particular, A^' a may be identified with the closure of A^' a in A4(A). 

Proof. First notice that H c '■= C C (X) ■ C C (G,A) denotes the (dense) subspace 

n c = {/ • £ := a(<M/)) • e : / e C C (A),C £ C C (G,A)} 

oiH = Ind^' Q (L 2 (G, A)). For / £ C C {X) and £ e C C (G, A), the function C = / • £ 
belongs to C C (G, A) and is given by ((t) = f ■ £(t) = a t -i (<j>(f))^(t), so the integral 
-0(C) = J A(t) _1 / 2 C(i)iit makes sense and yields an element in A. To prove the 
first assertion of the proposition, it is enough to check that \& preserves A-inner 
products and has dense range. Now, if r\, C, £ He, then 

(77100= [ A(t)-^ 2 ( v \(l^X t K) A dt 
Jg 

A(i)- 1 / 2 7 7 (s)*C(^ 1 s)rfids 
ig Jg 



>st 



A(st)- 1/2 r/{s)*({t)dtds 
g jg 

A{s)- 1 l 2 r 1 {s)dt\ ( f A(t)- 1/2 <;{t)ds 

*fa)l*(C)>- 
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Therefore, \I/ preserves the A-valued inner products. To see that \t has dense range, 
it is enough to approximate elements in f-a £ C C (X)-A by elements in Im('I') in the 
norm of A. For this let e > and take a compact neighborhood W of e £ G with 

IK-i(<K/))a-0(/)a|| < e for a11 * e W- Now > take h e C C (G) + with suppO) C VF 
and Ll\(t)- l / 2 h(t)dt = 1. Then, for £(i) := h(t)a, we have 



W-0 -/•«!! = 



A(i)" 1 / 2 (ot-i (<t>(f))h(t)a - <Kf)h(t)a) dt 

w 



< / &{t)- l ' 2 \\a t -x{<t>U))a-<t>{f)a\\h{t)dt<t. 
Jw 

This finishes the proof of the first assertion in the proposition. For the second, 

we have to check that *(m • C) = m*(C) for all m € A^ a and C £ W c - But 

this follows from an easy computation using the fact that m is G-invariant. The 

final assertion follows from Proposition 13.11 and the fact that A^ factors through 

a faithful representation of A x r G, so that Ind r ,a is a faithful representation of 

A^' a . Since this representation extends the inclusion map Af' a °-> Ai(A), the final 

assertion follows. D 

Remark 3.6. As a consequence of the above proposition we obtain the explicit 
description of the reduced generalized fixed-point algebra A G,a as 

(3.7) 

A^ a = C (G\X) ■ {m £ M(A)G,<* : / . m , m . / g A c V/ e G C (A)} • C (G\X), 

which, as it seems, has not been obtained so far in general. For centrally proper 
X xi G-algebras (i.e., if c/)(Cq(X)) C ZA4(A)), this easily implies the description 

(3.8) A^ a = G (G\X) • {m e M(A) G ^ Q : / • m, m • / e A V/ g G (A)}, 

which is Kasparov's definition (see [T7]) of the generalized fixed-point algebra in 
this situation. But in general one should be careful not to mistake the algebra in 
(|3.7p with the algebra 

(3.9) G (G\A) ■ {m e M(A) G ' a : f ■ m,m ■ f e A V/ e G (A)} ■ Co(G\X), 

which, in general can be very different from ^4 G ' Q . For example, if G is a discrete 
group and A = IC(L 2 G) is equipped with the structure of a weakly proper G XI 
G-algebra with respect to the action a — Adp of G on A, the right translation 
action of G on G, and the representation M : Cq(G) — > C(L 2 G) as multiplication 
operators, then (as we shall see in §1] below) A^' a = C*(G), while the algebra in 
(|3.9p equals the group von Neumann algebra £(G) of G. (Use G\G = {pt} together 
with the fact that all multiplication operators M(f) for / £ Go(G) are compact 
operators. It follows that the algebra in (|3.9p is the commutator of the right regular 
representation of G.) 

4. Landstad duality for general coactions 

As an application of the theory of generalized fixed-point algebras developed 
here, we now want to obtain a general version of Landstad duality for coactions. 
As a consequence, we shall prove some results on Katayama duality for coactions 
with respect to "intermediate" crossed products as studied in [P2] . 

Our Landstad duality theorem extends Quigg's Landstad duality theorem for re- 
duced (or normal) coactions (see [23]), and the work presented in this section is very 
much inspired by that result although the details of our proof differ substantially. 
Notice that a version of Landstad duality for maximal coactions is also known (see 
[Tol Corollary 4.3]) and can be obtained from the version for normal coactions and 
the fact that taking maximalizations and normalizations yield equivalences between 
the categories of maximal and normal coactions ([TU Corollary A.3]). Our duality 
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theorem will give an alternative direct proof which does not use this equivalence 
and also works for other exotic completions. 

Recall that a coaction of a locally compact group G on a G* -algebra B is a 
nondegenerate injective *-homomorphism 5 : B — » A4(B <g> C*(G)) such that 

(4.1) (id B ® 6 G ) a 8 = (S <E> id G ) o 6 

as maps from B to M{B ® C*{G) <g) C*(G)), where <5 G : G*(G) -► 7W(G*(G) <g> 
Ai(C*(G))) is the integrated form of the strictly continuous homomorphism G 3 
s H» u s ® m s G [/jM(C*(G) (8> C*(G)) and s n> u s denotes the canonical inclusion 
of G into the group UM(C*(G)) of unitary multipliers of C*(G). Note that "<8>" 
denotes the minimal (or spatial) G*-tensor product. We shall always assume that 
the coaction is nondegenerate in the sense that S(B)(1 <g> C*(G)) = B <g) G*(G). 

In what follows we write wq '■ G — > UA4(C*(G)) for the map Wg(s) — u s . 
Then w G may be viewed as a unitary in M(C a {G) ®C*(G)) ^ Gf (G,.M(C*(G))), 
the G*-algebra of strictly continuous bounded functions G — > 7W(G*(G)), and 
for any nondegenerate *-homomorphism a : Go(G) — ► A^(-D), where D is some 
G*-algebra, we can consider the element a <g> id(wc) G UM(D ® G*(G)). Recall 
that a covariant homomorphism of the cosystem (B,G,S) into .M(-D) consists of 
a pair (71", <r) in which 7r : i? — >• .M(-D) and cr : Cq(G) — > A4(D) are nondegenerate 
*-homomorphisms satisfying the covariance condition: 

(4.2) (tt (g> id G ) o <5(6) = (a ® id G )(w G )(7r(fe) ® l)(a ® id G )(w G )* for all 6 G B. 

A crossed product of (B, G, <5) is a triple (A, Jb, Jc Q (G)) consisting of a G*-algebra A 
together with a covariant homomorphism (Jb,Jc (G)) of (B,G,5) into A4(A) such 
that 



(1) A = j s (B)j Go(g) (Go(G))C.M(A); 

(2) For any covariant homomorphism (it, a) of (B, G, 5) into some M(D) there 
exists a *-homomorphism 7r * a : A — > A4(D) such that n — (it ^ a) o j B 
andcr = (vr x cr) o j Co (G)- 

A crossed product always exists and is unique up to isomorphism. We denote it 
by (B xig G,JB,Jc (G)) (the notation G indicates that a coaction crossed product 
should be regarded as a crossed product by a dual object of G - indeed, in case 
where G is abelian, it is a crossed product by an action of the dual group G). 

If BY15G is a coaction crossed product, there is a dual action S : G — > Aut(B>tsG) 
given by 8 S = jb X (Jc (G) OT s) for s G G, where r s G Aut(Go(G)) is the right trans- 
lation action (r s (/))(£) = f(ts). With respect to this action, the canonical homo- 
morphism jc {G) '■ Go(G) — > M(Bx\sG) is G-equi variant, so that (B X5G, 5, j Go ( G )) 
is a weak G x G-algebra. We always endow B xg G with this structure of a weakly 
proper G x G-algebra (we shall simply say weak G x G-algebra below). 

By Katayama's duality theorem (|18|). we always have a canonical surjective 
""-homomorphism 

(4.3) $ B :BxsG^G4B8lC(I 2 G) 

which is given as the integrated form of the covariant homomorphism (jr, U) of 
(B yt s G,G,5) with 

■k = (id B <8>A) o § x (1 ® M) and U = Is <8> p 

where A and p denote the left and right regular representations of G and M : 
Go(G) — > C(L 2 G) the representation by multiplication operators. For a quite de- 
tailed overview of the theory of co-systems and their crossed products we refer to 
[S]. We recall the following definition given in [5]: 
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Definition 4.4. The coaction 8 : B — > M.[B ® C*(G)) is called maximal if the 
map <&b in (|4.3p is an isomorphism. Moreover, the coaction 8 is called normal if 
$b factors through an isomorphism <&b.t : i? x,j G x- G — > B ® K,(L 2 G). 

Normal coalitions have first been studied by Quigg in [25]. He shows that a 
coaction (5 is normal if and only if jg : B — > M.(B x,s G) is injective and that 
every coaction has a normalization which is given by the coaction 8 r : B r — > 
M.(B r eg) C*(G)) on the quotient i? r := S/J, where / = ker j'b, given by the 
formula 8 r (b + I) := (q id^) o 5(b), where q : B — > _B r denotes the quotient 
map. This homomorphism induces an isomorphism B x$ G — > B r x>s r G of weak 
G x: G-algebras. Moreover, if || • ||^ is any crossed-product norm on C C (G, A) for a 
system (A, G, a) such that A X ajJti G admits a dual coaction a^, the dual coaction 
a r on the reduced crossed product A >o a ,r G is the normalization of S M . 

On the other hand, it is shown in [5] that, for every coaction 8, there exists a 
maximal coaction S u : B u — > M(B U (g> C*(G)) such that B — B u /J for a suitable 
ideal J in such a way that S u factors through B to give the original coaction 8 and 
such that the surjection B u -» B induces an isomorphism B u >is u G = B Xg G 
of weak G x G-algebras. The coaction (B U ,8 U ) is, up to isomorphism, uniquely 
determined by these properties and is called the maximalization of (B,8). The 
construction of maximalizations given in |<3] is quite involved and is not functorial. 
Our results below will give, in particular, an alternative functorial construction 
for maximalizations of arbitrary coactions. Note that the dual coaction a u on the 
full crossed product A x a G is the maximalization of a dual coaction S M on an 
intermediate crossed product A x a](1 G. 

Definition 4.5. Let 8 : A — > M(A <g> C*(G)) be a coaction and let || • || M be any 
crossed-product norm on C C (G,B ytg G), viewed as subalgebra of (B x$ G) xyG. 
Then we say that 8 satisfies ^.-duality or, shortly, that 8 is a [i-coaction, if the 
homomorphism $s of (|4.3p factors through an isomorphism 

$ S , M : S x 5 G x ? i G -> B ® JC{L 2 G). 

A /i-ization of (-B, (5) is a G-coaction (B^, 5 M ) together with an isomorphism Bx$G = 
Bfj, yis„ G of weak G xi G-algebras in such a way that viewing || • || M as a crossed- 
product norm for C^G.B^ xi^ G) via this isomorphism, (B^^S^) is a /x-coaction. 

Notice that for the reduced crossed-product norms, the above definition special- 
izes to normal coactions and normalizations, i.e., an r-coaction is just a normal 
coaction and an r-ization is just a normalization. Similarly, for maximal crossed- 
product norms we get maximal coactions and maximalizations, i.e., a u-coaction is 
a maximal coaction and a u-ization is a maximalization of a given coaction. 

It is clear that every coaction satisfies /^-duality for some crossed-product norm 
|| - || M , since the quotient (-Bx,5Gx-tG)/kcr<i>B always lies between the maximal and 
the reduced crossed product by 8. On the other hand, if ||-|| M is some crossed-product 
norm on C C (G,B xi $ G) such that (B,8) satisfies /^-duality, then the canonical 
G-coaction on B ® JC(L 2 G) may be viewed as a coaction for the double crossed 
product By\sGy\-> G = B® K,(L 2 G). This coaction necessarily factors the bidual 

coaction on B xgGx^ G. Conversely, we shall see below that for any given crossed 

product B Xa G x-~- G admitting a (bi)dual coaction <5 M , there exists a /i-ization 

(B^jSfj,) of (B, 8). This will lead, in particular, to a positive answer of Conjecture 
6.14 in [H]. 
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The main result in this section is the following theorem, which provides a general 
version of Landstad /i-duality for coactions. Note that in case of normal coactions, 
Landstad duality has been obtained by Quigg in [2T] (see also [13 Theorem 4.1]). 

In what follows, Cq(G) will be always endowed with the right translation action 
r:G^Aut(G (G)). 

Theorem 4.6 (c/. [211 Theorem 3.3]). Suppose that A is a weakly proper G x 
G-algebra with respect to the G-equivariant structure map <fi : Cq(G) — > AA(A) and 
the action a : G — > Aut(-A). Assume that \\ ■ || M is a crossed-product norm on 
C C (G,A) which lies between || • || u and || • || r and which admits a dual coaction 

a^ : A x QiP G -> M(A x Q:P G <g> C*(G)). 

Let us write B^ := A^ ,a for any such || • || M . Then there is a canonical coaction 
£f (A) °f G on J-^A) (described in Lemma \4-12\ below) which is compatible with 
the dual coaction a^ on A X a ,n G and therefore induces a compatible coaction 5^ 
on B^ = K^F^A)) such that the following are true: 

(1) The cosystem (3^,5^) is Morita equivalent to (A x QjM G,S M ). 

(2) (B U ,8 U ) is the maximalization o/(i? A ,,(5 M ) and (B r ,8 r ) is the normalization 
of(B^S^). 

(3) The dual system (B^Xs^G, G, 8^) is isomorphic to (A, G, a) as GxG-algebras 
via the covariant homomorphism k x <f> : B^ xg G — > A, where k : B^ — > 
/A (A) extends the canonical inclusion A^ ,c " <— » /A (A). 

(4) (-B^, G, 5ft) satisfies fi-duality and hence is a [i-ization of (B. 5). 
Conversely, let (B,S) be a fi-coaction for some crossed-product norm \\ ■ || M on 
C C (G, B x 5 G) and let B^ = A^' a for the weak G x G-algebra (A, a) := (B x> s G,S) 
equipped with the coaction 8^. Then (B^^S^) is isomorphic to (B,S). 

Applying Theorem l4.6l to the weak G x G-algebra (BxsG, S) for a given coaction 

5 : B -> M(B ® C*(G)) gives: 

Corollary 4.7. Suppose that \\ ■ ||^ is any crossed-product norm on C C (G,B »s G) 
such that the crossed product B x^ G x-^ G admits a dual coaction. Then (B,5) 
admits a \x-ization, i.e., there exists a coaction 5^ : B^ — > A4(B^ (g) C*(G)) "lying 
between" the maximalization S u and the normalization S r of S such that 5^ satisfies 
^.-duality and such that the dual systems (B^ xs G,G,5fj) and (B ~a$ G,G,S) are 
isomorphic as weak G x G -algebras. If S : B — >r A4(B eg) C*(G)) is already a 
/i-coaction, then (B^,^) = (B,d). 

Recall that for a right Hilbert B- module £ , the multiplier module M.{£) is defined 
as the set Cb(B,£) of adjointable operators from the standard Hilbert B-module 
B into £ . The B- valued inner product on £ then extends to an M (B)-valued 
inner product on M(£) by the formula (m | n) M ( B ) = m* o m E Cb{B) = M(B). 
On the other hand, we get a left A4QCb(£))- valued inner product by the formula 
M(K,(E))( m \ n ) — m ■ n* 6 Cb{£) = M(ICb{£))- Note that there is a canonical 
inclusion map £ *-> M(£) by identifying an element £ £ £ with the operator b n- 
£ • b <E Cb(B, £). The adjoint of this operator is given by r\ i-» (£ | v)b S £b(£, B). 
For more information on multiplier bimodules, see [3]. 

In what follows we write £ ® D for the Hilbert B ® Z?-module which is obtained 
as the external (minimal) tensor product of the Hilbert B-module £ with the G* -al- 
gebra D, viewed as a Hilbert D-module. 

To prove Theorem 14.61 we start with the following preliminary result: 

Lemma 4.8. Suppose that A is a weakly proper X x G-algebra with respect to the 
action a : G — > Aut(A) and the structure map <fi : Go (A) — > /A (A). Let D be any 
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C* -algebra and consider A® D as a weakly proper X x G '-algebra for the action 
a \&d and the structure map </> 1 . 

Then, for each given crossed-product norm \\ ■ || M on C C (G,A), there exists a 
(unique) corresponding crossed-product norm \\ ■ ||„ on C C (G,A (g> D) such that the 
canonical inclusion C C (G, A) D C C C (G, A® D) induces an isomorphism 

(A x a ^ G) <S> C*(G) ^(A®D) x a ® id>v G. 

The corresponding inclusion T C (A) ® D <Z J- C (A® D) extends to an isomorphism 

T^{A)®D^T V (A®D) 

and, therefore, the inclusion of A^ ,a ®D into (A® D)c' a ® ldD induces an isomor- 
phism 

A^ a ®D^{A®D)V' a ® id . 



In particular, we may regard !F C {A ® D) as a dense submodule of !Fy,{A) ® D and 
(A ® D)°' a ® idD as a dense subalgebra of Af a ® D. 



fj.\ 
, a « n 



Remark 4.9. If || • || M = || • || r is the reduced norm, then || • ||„ = || • || r is also the 
reduced norm on C C (G, A ® D), which follows from the well-known isomorphism 

(4.10) (A ® D) x Q ® idD ,r G=(A x a ,r G) ® D. 

But we should point out that even if || • ||^ = || • || u is the universal norm, we 
cannot expect in general that || • ||„ is the universal norm as well. To see this 
consider the case where A = K,(L 2 G) with action a = AAp and structure map 
M : Co{G) — > C(L 2 G). Since a = Adp is implemented by a unitary representation, 
it is exterior equivalent to the trivial action of G on K,(L 2 G). Thus we get 

(IC(L 2 G) ® C*{G)) x Adp0id , u G 2 (K(L 2 G) ® C*(G)) max C*(G) 

while on the other side we have 

{K{L 2 G) x Adp , M G) ® C*{G) S (K{L 2 G) ® C*{G)) ® C*(G). 

These algebras will be completions by different norms if the canonical quotient map 
P : C*(G) ma x C*(G) — > C*(G) ® C*(G) is not an isomorphism, which is true for 
any group without Kirchberg's factorization property (F) (see |T2l §7]). Now, due 
to the work of Kirchberg and others, we know that there exist many groups which 
do not satisfy this property (see pQ for a survey on this property). 

Proof of the lemma. Let (ia>1>g) '■ (A,G) — > M(i X a G) denote the canonical 
inclusions and let ja x g and Jd denote the inclusions of A x a G and D into Ai ( A x a 
G®D), respectively. Then ((ja><>g ol a)®3d, t-G® 1-d) is a covariant homomorphism 
of (A ® D, G, a ® id) into M. (A x a G ® D) whose integrated form $„ restricts to 
the inclusion C C (G, A) Q D ^ C C (G, A ® D). Thus we see that 

$„ :(A®D) x atsidD , u G ^ (A x Q G) L> 

is a surjective *-homomorphism. Since A Xa.^ G "lies" between A x QU G and 
A x Qr G, we conclude from this and (|4.1UJ) that (A » 0ifl G) ® D "lies" between 
(A® D) x Q(8 id D , u G and (A® D) yo a &d D ,r G and it follows that (A x QjM G) ® D = 
(A ® D) Xo^id,;, G for a suitable crossed-product norm || • \\ v . 

Now, since A®D is norm dense in A®D, it follows that T C (A)(®D = C C (X)A®D 
is inductive limit dense in F C (A ® D), and since the A » OJ , G ® D-valued inner 
product on F C (A) D coincides with the (A® D) x Qlg)i d D .„ G- valued inner product 
by the choice of v, we see that TpX\A) D = F V (A ® D). The result follows. D 

We also need the following (certainly well-known) auxiliary result: 
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Lemma 4.11. Suppose that £ is a B — C imprimitivity bimodule and that Sg is 
a coaction of G on £ which implements a Morita equivalence between coactions 
(B,5b) and (C,Sc) of G. Then 8b is maximal (resp. normal) if and only if 5c is 
maximal (resp. normal) and the coaction (£,5g) factors through a Morita equiva- 
lence (£ n ,o~s n ) between the normalizations (B n ,8B n ) and (G„,<5 Gr J. 

Proof. This follows from an easy linking algebra argument which we omit. □ 

In the following lemma we allow a slight more general situation than what we 
really need in this section, namely we assume that a closed subgroup H of G is given 
and consider a G x i?-algebra A, i.e., a C*-algebra A endowed with an iJ-action a 
and an iJ-equivariant nondegenerate *-homomorphism <j)\ Cq(G) — > M{A) (where 
Cq(G) is now endowed with right translation iJ-action r). In addition, we assume 
that || • || M is a C*-norm on C C (H, A) (between || • ||„ and || • || r ) such that the dual 
coaction a : A x Q . u H —> Ai(A x QU H ® C*(H)) factors through a coaction 

S M : A x«, M H -► M (A x a , M H ® C*{H)). 

We then consider the inflated G-coaction Inf S M := (id £g> ig,h) ° S M : A x Q , M H — > 
M(A x QjM H (g) C*{G)), where lg,h- C*{H) -> M{C*{G)) denotes the canonical 
homomorphism defined as the integrated form of the obvious representation H — > 
UM(C*(G)) sending t <E H to u t £ UM(C*(G)) (see [D] for more information on 
inflated coactions). 

Lemma 4.12. Let (A, a) be a G x H-algebra as above, and let T^A) denote the 
corresponding Hilbert A x Q tli H -module. Then there is a canonical Hilbert-module 
coaction 5jr (a) '■ «7>(A) ~~* M.{F[i{A) ®C*{G)) compatible with InfS^ which is 
given, for £ <E J- C {A) — 4>{G C {G))A, by the formula 

Proof. We first need to check that the right hand side of the equation makes sense, 
i.e., that <j) ® id G (w G )(£ ® 1) determines an adjointable operator from A x QiM H ® 
C*{G) to J>(A) ® C*(G). For this we first observe that for any z G C*{G) we get 
(with // and ^ as in Lemma 14.81 applied to X = G and H in place of G) : 

cj, ® id G (w G )(£ <g> z) e J" C (A <g> C*(G)) C J"„(A ® C*(G)) = T„{A) ® C*(G). 

Indeed, writing £ = <fi{f)a with / G G C (X) and a G A, we get 

(4.13) c/><g>id G (w G )(£®z) = </>®id G (w G )(/<g>z)(a<g>l) G J" C (A <g> G*(G)), 

since w G (f <8> z) e C C (G,C*(G)). Suppose now that w £ A x„, M H <g> C*{G). 
Factorizing io = (1 ® z)w' with z G C*(G) and t// G A X a)/1 H ® C*(Cr), gives 

fc>(jl)(0 • w = 0® id G (w G )(C <8 z) ■ to' G .7>(A) ® C*(G). 

It is straightforward to check that this does not depend on the given factorization 
W = (1 (8 2)10' and that uj 1— > (5^ M) (£) • u> is adjointable with adjoint given by the 
formula 

^(A)(e)*W = U ® id G ((l ® w*)w G )(£ ® 1)1^,^^.(0) 

if we factorize 77 £ ^>(A) <8> C*(G) as 77 = (1 ® u)»/ for some u G C*(G). One 
may check, as above, that </> (g> id G ((l <g> v*)w G )(£ <8> 1) G .F C (A ® C*(G)), so that 
the inner product makes sense and gives an element in (A ® G*(G)) x Q ®id „ G = 
(Ax Q , M i7)®G*(G). 

Note that it follows easily from ((4TT5J) that 5? ( A )(T e (A))(l®C*(G)) is dense in 
J-" c (A(g)G*(G)) in the inductive limit topology and hence is dense in J r li (A)®C*(G). 
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We now compute, for all z,v £ C*(G), £ = 4>(f)a, r\ = (j>(g)b e F C (A) and t e H: 

( l ® Z *)((S^(A){0\^(A)(V))) M (AX P G®C'(G))( 1 ® V )U 
= «^(A)(0(l®*)l*J>(A)(»7)(l®«)» J i ><1> o 8O . ( o ) |t 

= A(t)- 1 /2(^ (A) ( ? )(i 0z ))* at0i d G ( ( 5^ (A) ( 7] )(l® l ,)) 

= A(i)~ 1/2 (0 ® id G (w G )(£ <8> z))*a t <Z) id G (</> id G (w G )(?7 ® u)) 

= A(i)~ 1/2 (a* ® z*)(0 <g> id G ((/ ® l)w G ))a t ® id G (0 <g> id G (w G (g <g> 1))(6 <g> v)) 

= A(t)~ 1/2 (a* ® z*)(0 $ id G ((/ <g> l)w G )r t <g> id G (w G (g <g> l)))(a*(6) ® v)) = ... 

Now observe that the middle part ((/ (g> l)u> G )r t (g) id G (wg{9 <g> 1)) is the function 
in Cf (G, M(C*(G))) given by 

s t-> f(s)w G (s)w G (st)g(st) = f(s)u*u st g(st) = (fr t (g))(s)u t . 

Hence we can proceed the above computation with 

... = (l<8>3*)((a*-/)a t (0-&)(8>ut)(l<8>t>) 

= (1 ® z^Att)- 1 /^^,,)),^,^) ® Ui )(! ® «) 

= (l®«*)I°fS M (((e|r?» A) , pG )(l®i;)| t . 

Since z,»£ C*(G) have been arbitrary, we see that 

(( s ^(A)(0\^(A)(r)))) M (A>, p G®c*(G)) = ' ms M^\v))ax p g) 

for all ^,ij 6 J-" c (^4). Since Infa^ is isometric, the same follows for §p (a) with 
respect to the norm on JF^A), so we see that 8jr i^\ extends uniquely to an isometric 
map 

S^ (A) : T,(A) -> M(T,(A) ® C*(G)) 

such that Sjr AA) {J-^{A))(l ® G*(G0) = F M (A) <g> C*(G0- 

In order to complete the proof, we only need to show that Sjr ^ satisfies the 
coaction identity 

(%(A) (8 idc) ° S^(A) = (idj^(A) ®<fc) ° $F M (A)- 
For this let £ = <f)(f)a e .F C (.A). We then compute 
(<H(A) ®idG)°^(A)(C) = 0®id G (u> G ) ®id G )(</>®id G (w G )(£<g>l)) 

= (<?i<g id G (u; G ) (g id G )(0 <g> id G (u; G )(/ ®1)) ■(o®l«l) 

= (/)(g)id G (g)id G (i ;l )(a(g)l® 1) 

with F G Cf (G,M(C*(G) ® C*(G))) given by 

*"(*) = /(»)K ® «») = /(s)fc(O = idco(G) 9Sa(v> G (f <8> 1)) (*), 
which implies that 

(/>(g>id G (g>id G (F)(a<g>l(g> 1) = </> (g S G (w G (f ® l))(a ® 1 <g> 1) 

= ( i( H(A) ®fc) o ^(A)(0- 
This completes the proof of the lemma. □ 

Remark 4.14. It is useful to obtain an explicit formula for the coaction <5 M : _B M — > 
M(B^ (gi C*(C?)) on i? M := A^ ,Q which is determined by the coaction #f (A) of 
Lemma 14.121 We claim that it is given on the dense subalgebra A^' a by the 
formula 

(4.15) 6p(m) =<f><® id G (w G )(m ® l)<f> ® id G (w G ) 
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where we perform the formal computation inside M.(A <g C*{G)) but the outcome 
can be regarded as an element in M.(B^ <g C*(G)) since 5 M (m) (for m 6 ^4^' a ) 
multiplies elements of l(g)G*(G) into (A(gG*(G)) G ' a ® id C 5 M <gG*(G) (use Lemma 
Q|l . For a proof of (|^7T3|) . recall from Lemma 1231 that v4f' Q = E(A C ) (where 
E(a) = /# a t (a) d*) with A c = C C {G) ■ A ■ C C {G) = F C {A) ■ F C {A)* . Hence we get 

A?> a = E(F C (A) ■ F C (AY) = A fiFc(A)\T c (A))). 
Thus we find £, -q e J- C (A) such that m — E(£i]*) — a g ((£ \ r])) and hence 

<5 M (m) = 6n( A a({(i\TJ))) = m(^g®C*(G))((<^(A)(0 I<*7>(i4)(»7)>) 

= M(AG<g>O(G))((0 ® id G (u; G )(£ <g> 1) 1 ® id G (w G ){rj <g 1)}} 

a 4 <g> id G (0 (g id G (w G )(^* <g> 1)0 (g id G (iu G )) dt 

For fixed t <G iJ, we have a t (g id G (0 (g) id G (u> G )) = ® id G (r t (g) id G (u> G )) and 
r t <g id G (u> G ) is the function s i-> u s t = u s u t . Thus at (g) id G (0 (g id G (u> G )) = 
(g id G (w G )(l (g Ut). Using this identity, we get 

Sf,(m) = / (0(gid G (w G )(at(^*)(gutMt)0<gid G (w G ))di 

= 0®id G (w G ) ( / a t (£ri*) dt ® 1 J 0<gid G (u> G ) 

= (g id G (w G )(m (g 1)0 (g id G (w G ) 

We should point out that a similar formula as in (|4.15|) is given for the reduced case 
in PH Theorem 4.1]. 

We now return to the our original situation where H = G and we use the above 
lemma in this case to prove the main result of this section: 

Proof of Theorem \4-o] By Lemma 14.121 (applied to H = G) and the above remark 
we obtain a coaction 8^ on B^ := A^' a such that (T^A), 5jr / A \) implements a 
Morita equivalence between (i? M , <5 M ) and (A x Q;M G, a M ). Hence we get (1). 

Statement (2) follows from Lemma 14.111 together with the fact that a u is the 
maximalization of a^ and a r is the normalization of a M . 

In order to prove (3) we first check that (k, 0) is a covariant homomorphism of 
{B^,G,8fj). In fact, for m <G A^' a we have 

(k (g id G ) o 5 M (m) = (g idG(wG)(k(m) (g 1)0 (g id G (w G ), 

which implies covariance of (&, 0). We also have 

fe(B M )0(G o (G)) D ,4 C G <«0(G O (G)), 

which is dense in A by [5TJ Lemma 3.10 (2)], hence A = k x 0(S M x,s G). Note 
that A: x : S M X^ P G — »• A is G-equi variant, since 

k x 0(^( S )(is(6)ico(G)(/))) = k x 0(i B (6)ic D (G)(r s (/)))) 

= fe(6)0(r,(/)) = a s (fc(6)0(/)) 
= a s (fcx (j)(j B {b)Jc (G) (/)))• 

To see that fc x : _B M Xa G — > ^4 is an isomorphism we use the fact that the 
crossed product by a coaction is always isomorphic to the crossed product by its 
normalization. Moreover, (k, 0) factors through the covariant homomorphism (id, 0) 
of (B r ,G,S r ) and it follows then from the G-equivariance checked above and [2"T1 
Proposition 3.1] that id X0 : B r x^. G — > A is an isomorphism. 
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We finally have to show that (B^, 8^) satisfies p-duality. For this we have to show 
that the canonical map <f>s i : Bn x^ G X-t- G —> B„ <g) JC(L 2 G) factors through 

of 8 n , we have an isomorphism 



an isomorphism B^ Xg u G x-j- G = -B M ®K.(L 2 G). Since <5„ is the maximalization 



$ B „ : B„ x Sft G a~ G = A x Q G ^> £ u ® /C(L 2 G). 

Combining the Morita equivalence B u ~jvf /lx Q G with this isomorphism, we obtain 
a Morita equivalence B u ~jvf -B u ® JC(L 2 G) given by the equivalence bimodule 
7"„(A) ®ax q g (B u ®K(L 2 G)). To finish, we need: 

Lemma 4.16. The B u — B u ®K,(L 2 G)- equivalence bimodule F U (A) ®A» a G (B u ® 
K.(L 2 G)) is isomorphic to B u (g> F{G), where we regard F(G) as a C — K.(L 2 G) 
equivalence bimodule with respect to the isomorphism Af xp : Cq(G) xG — > 1C(L 2 G). 

Proof. By Proposition ^. 91 we have 

T U {A) £ T(G) ®c {G)»G {A x Q G) * T(G) ® Co (g)>,g (B u <g> IC(L 2 G)), 

where in the last isomorphism we replaced A x Q G = (B u x,5 u G) x-> G by the 

isomorphic algebra B u ® JC(L 2 G) via <&b„- We need to understand the left action 
of G (G) x G on B u ® K,{L 2 G). The left action of C (G) x G on A x Q G is given 
by the integrated form of the covariant homomorphism (la ° 4>t l g)i where (la, lg) '■ 
(A, G) —} M. (A x a G) denote the canonical maps. Identifying B u ^s u G with A via 
k x <j> as in Theorem l4.61 the corresponding action of Go (G) x G on (B u x g u G) x-> G 
is given by the covariant homomorphism (i -~ ° Jc (G)t l g)- If we compose this 

with the isomorphism $s u = ((id_e„ ®A) o 8 U x (l Su ® M)) x (l Bu 0p), we see 
that the action of Go(G) x G on B u ® K,(L 2 G) is given by l Bu ® (M x p). Since 
M x p : Go(G) x G — )■ K,(L 2 G) is an isomorphism, we get 

J- U (A) 2 .F(G) ® Co (G)>.G (S„ ® /C(L 2 G)) = B u ® ^(G). 

if we understand J-(G) as a Hilbert C — /C(L 2 G)-bimodule via the isomorphism 
M xp:G (G) xG^/C(L 2 G). D 

We can now finish the proof of Theorem 14.61 as follows: it is clear that B^ is 
the quotient of B u corresponding to the quotient B^ JC(L 2 G) of B u <S> K.(L 2 G) 
under the Rieffel-correspondencc for the equivalence bimodule B u ® -7-"(G). By the 
lemma, this module is isomorphic to !F U (A) if we identify A x a G with B U ®K.(L 2 G) 
via <1>_b u . But the quotient of A x Q G corresponding to B^ with respect to J-«(A) 
is A x Q ,u G = (5„ x^ G) x-t- G which implies that $b„ factors through an 

isomorphism's between (B M x g G) X-~ G and B M (g> IC(L 2 G). D 

As a consequence of our previous results, we see that for a weak G x G-algebra 
A, the Morita equivalence A^' a ^ M A xi Q , M G implemented by .F M (A) is actually a 
canonical stable isomorphism: 

Corollary 4.17. Let (^4, a) be a weak G x G-algebra and let \\ ■ || M be a crossed- 
product norm on C C (G, A) for which the dual coaction on A X a ,u G factors through 
a dual coaction on A x Q:M G. Then A» 0;(1 G = A^ a ® K.(L 2 G). 

Proof. By Theorem 14.61 we have (A, a) = (A9' a x^ G, <5 M ) as G x G-algebras and 
(A^' a ,5fj,) satisfies p-duality, so that 

A x Q:M G = Af a x 6ii G x~ G = Af a ® K(L 2 G). D 
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The proof of the final converse statement in Theorem 14.61 will now be a conse- 
quence of the following variant of Lemma T4. 161 It also shows that the isomorphism 
A xi Q , /j G = A^' a (g) /C(L 2 G) of the above lemma turns the Morita equivalence 
Ajf ~M A x Q . M G into the canonical one: 

Lemma 4.18. Suppose that 5 : B — > M(B ® C*(G)) is a fi-coaction for some 
given crossed-product norm || • || M on C C (G, B x$G). Recall that this means that the 
canonical homomorphism 

factors through an isomorphism B Xg G >^g U G = B ® IC(L G). Let (B Xg G,5) 
be equipped with the canonical weak G X G-structure. Then there is a canonical 
isomorphism 

?»{B Xg G) ® B „ sS ^ G (B® K{L 2 G)) £ B ® F(G) 

as B®1C(L 2 G)-Hilbert-module if we identify K,{L 2 G) with Cq(G) X G via M X p. In 
particular, the left action of (B xgG)^' on this module extends to an isomorphism 

(B x s G)f/ = K{?n(B x s G))^ B. 

Proof. The proof is word for word as the proof of Lemma 14.161 in case where A = 
B Xs G and where we replace B u by B. This gives the chain of isomorphisms 

T,(Bx 5 G)® B>isd ^ G (B®lC(L 2 G)) 

- F{G) ®c (G)xG (B ® K{L 2 G)) ^B® T(G). D 

5. E'-DUALITY FOR IDEALS IN B(G) 

In the previous section we considered arbitrary crossed-product norms || • || M 
on C C (G,A) such that the corresponding crossed product Ax afJ/ G admits a dual 
coaction. In (T2] it is shown that if E is a G-invariant weak*-closed ideal in the 
Fourier-Stieltjes algebra B(G), then E determines a crossed-product norm || ■ ||e 
on C C (G,A) for any action a : G — >• Aut(A) which admits a dual coaction ole- 
This allows us to consider functorial properties of the -E-crossed product func- 
tor (A,G,a) i-> A x a ^E G. Indeed, it is possible to show that the construction 
(A, G, a) M> A x a _E G is a functor between suitable categories and Proposition 15.21 
below already indicates some steps in this direction. 

Recall that B(G) consists of all functions of the form s i— > (7r(s)£ | rj) in which 7r : 
G — > U(H n ) is a unitary representation of G and £, 77 G H^. It can be identified with 
the space C*(G)* of continuous linear functionals on C*(G) via f(x) = (tt(x)S, \n) 
if /(s) = (7r(s)£ 1 77} for all s E G. The weak*-topology on 5(G) is the one coming 
from this identification. For any non-zero G-invariant weak*-closed ideal E C B(G) 
let I E = X E := {a G C*(G) : /(a) = for all / G E}. It is shown in [H Lemma 
3.1 and Lemma 3.14] that Ie is a closed ideal in C*(G) which is contained in 
the kernel kerA of the regular representation of G, and Kaliszewski, Quigg and 
Landstad define the E-group C* -algebra of G as the quotient G*-algebra 

C E {G):=C*{G)/I E 

(see [El Definition 3.2]). Let q E : C*(G) -> C%{G) denote the quotient map. If 
a : G — > Aut(A) is an action, then Kaliszewski, Quigg and Landstad define the 
E -crossed product A x a E G as 

A x a _E G = (Ax a G)/J a _E with J a _E = ker(id <g> gg) o a u . 
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The E-crossed product A x aj £ G "lies between" the maximal and the reduced 
crossed products and the coaction a u on the full crossed product factors through 
a coaction ole on A x q „e G by [T21 Theorem 6.2]. We also have C xi£ G = C* E (G), 
which follows from the fact that the comultiplication on C*(G) factors through a 
coaction 8 : C* E (G) -> M(C* E (G) ® C*(G)). 

So assume from now on that E C B(G) is a G-invariant weak*-closed nonzero 
ideal and that 8 : B — > M.(B % C*(G)) is any given coaction. By Theorem 14.61 
and Corollary 14.71 we know that there exists a canonical coaction 8e '■ Be — > 
A4(B E ® C*(G)) which satisfies E-duality and which has the same dual system as 
the original coaction 8, i.e., (Be,8e) is a E-ization for (3,8). We now want to 
describe the algebra Be in terms of E. At the same time, we give a positive answer 
to [H Conjecture 6.14]: 

Theorem 5.1. Let 8 U : B u — s> A4(B U (g> C*(G)) denote the maximalization of the 
coaction 8 : B -> M(B <g> C*(G)). Then B E = B u /J &tE with 

Js,e = ker(id Su ® q E ) ° 8 U C B„. 

Moreover, the coaction 8 U factors to give a coaction 8e '■ Be — > M.(Be ® C*(G)) 
which satisfies E-duality. In particular, any dual coaction ole on any E-crossed 
product A ~A a ,E G satisfies E-duality. 

Proof. Let A = B x $ G equipped with the canonical structure of a weakly proper 
G x: G-algebra and let (F u (A),8jr u ^) denote the coaction on the B u -A» Q G 

equivalence bimodule J- U (A) of Theorem 14.61 with a := 8. The theorem will follow 
from Theorem 14.61 as soon as we can show that the ideal Js,e in B u corresponds to 
the ideal J a ,E in A x Q G under the Rieffel-correspondence. But this follows from 
the existence of the bimodule map 

(id FuiA) <g> q E ) o 8jr u(A) : F U {A) -> M{T U {A) ® C* E {G)) 

which is compatible with (ids^ ® qE) ° 8 U on the left and (id^xiG ® Qe) ° S u on the 
right hand side of the module. 

If we apply this result to a dual coaction 8e = ole, we see that all dual coactions 
on E-crossed products satisfy E-duality. □ 

It might be reasonable to ask whether every coaction 8 : B — > M.(B ® C*(G)) 
is one of the coactions 8e for some ideal E. By the above theorem, this is actually 
equivalent to asking whether every dual coaction a^ on some intermediate crossed 
product A » a ,ij.G equals ole for some G-invariant weak*-closed ideal E C B(G). 
We shall see below that this is not the case. For the proof, we first need: 

Proposition 5.2. Let E be a G-invariant weak*-closed ideal of B(G). Let a : G — > 
Aut(A) and (3 : G — > Aut(E) be actions and let : A — >• M(B) be a G-equivariant 
* -homomorphism. Then the inclusion C C (G,A) — > C C (G,A4(B)) C A4(B Xp,E G) 
extends to a (unique) * -homomorphism >$e G : A x a ^E G — > M.(B >4p,E G). 

Proof. Let xi M G : A x Q G — > M.(B »^ « G) denote the corresponding map for 
the universal norms. We need to show that the ideal J a ,E = ker(id J 4x,G' ®9b) ° 6e u 
contains kcr(0 X u G). But this follows from the commutativity of the diagram 



A-A a G e>CuG ) M(Bxp jU G) 



(id®q E )oa 



(id«i 9 E)o/3 



M(A-A a G®C* E (G)) (e> "" G)8idG > M(Bx 0tU G®C E (G)) 

where we extended maps to multiplier algebras where necessary, which is no problem 
if : A — >• A4(B) is assumed to be nondegenerate. In case that is degenerate, 
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we may replace M(A x Q G <8> C* E (G)) by the subalgebra M(A x a G ® G|,(G)) 
consisting of all m which satisfy m(l gzje^^aG® C E (G) for all z G GJ;(G) in 
the lower left corner of the diagram, on which there always exists a unique extension 
of (9 x u G)®id G . □ 

Note that it follows in particular from the above proposition that for all weak-* 
closed ideals E C B(G) the morphism C — » M(A);X H- Al induces a canonical 
map 

ic> E (G) ■ C* E (G) = C x £ G ^ M(A >vb G). 

Example 5.3 (Counter-example to Conjecture 6.12 in [12 ). Let G be any locally 
compact group such that C*(G) is not nuclear (e.g. any discrete non-amenable 
group). Then there exists a G*-algebra A such that 

A ® max C*{G) ¥A®C*{G)¥A® C*(G), 

where we understand the symbol ^= in the sense that the canonical surjective mor- 
phisms from left to right are not injective. Consider the trivial action tr of G on A. 
Then 

Ax t r,uG = A® maic C*(G) and A x tr>r G 9* A® C*(G), 

so that the tensor product A ® C*(G) can be regarded as a /x-crossed product 
A Xtr^i G for some crossed-product norm || • || M lying between || • ||„ and || • || r . 
Moreover, id^i ®5c is a coaction on A ® C*(G) which corresponds to the dual 
coaction tr M under the identification A ® G*(G) = A x tr ](U G. 

We claim that || ■ || M is not an I?- norm for any G- invariant weak*-closed ideal 
E C B(G). Assume to the contrary that || • || M = || • \\e for some E. Since || • || M 
is strictly smaller than || • || u , we then must have that C E (G) is a proper quotient 
of C*(G). By Proposition 15.21 the canonical (injective) inclusion ic*(G) '■ C*(G) — > 
M(A®C*{G)) must factor through a map ic%{G) ■ C* E {G) -^ M{A®C*{G)). But 
this is impossible since it forces the surjection C*(G) —> C E (G) to be injective. 

It follows from Theorem 15.11 that the coaction on A eg) G* (G) cannot satisfy 
-E-duality for any E (although it satisfies duality for some crossed-product norm). 
This gives a negative answer to [HJ Conjecture 6.12]. 

6. FUNCTORIALITY 

Throughout this section, we fix a locally compact group G and a G-invariant 
weak-* closed ideal E of B(G) containing A(G) and we denote by || • \\e the cor- 
responding crossed-product norm on C C (G, A) for any G-algebra (A, a) and write 
Axi a ,EG or simply Ax eG for the associated crossed product. Proposition l5 . 2l shows 
that such norms have gut functorial properties (and it is, in fact, not difficult to see 
that the ^-crossed product construction A \- > A x e G yields a functor between suit- 
able categories). We want to show that our constructions are also functorial for such 
norms. More precisely, we show that the construction A n> A E :— A E ' a extends 
to a functor between appropriate categories of G*-algebras. We will consider both 
natural categories of G*-algebras with (equivariant) ordinary *-homomorphisms or 
nondegenerate *-homomorphisms into multiplier algebras as their morphisms. In 
both cases we obtain functoriality in complete generality (the actions here might 
be even non-saturated). 

Remark 6.1. Let £i be a Hilbert ^-module for i = 1, 2 and let <fi: B\ — > M(B2) be 
a (possibly degenerate) *-homomorphism. A morphism from £\ to £2 compatible 
with </> is a linear map i\>: £\ — > M(£2) '■= ^(B 2 , £2) satisfying ip(£ ■ b) — -0(C) ° 4>{b) 
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and </>((£ | rfjBi) = VK£)* ° VK 7 ?) f° r au ^i 7 ? £ £1 an( i & £ B\. Such a morphism 
induces a *-homomorphism tp: K,{£\) — > £(£2) = M.QC{£-2)) satisfying 

fce l )<eh»=^(0°^(»?)* 
(see [ini Lemma 2.2]). If </> is injective (i.e., isometric), then so is -0- 

Moreover, we say that such ip: £\ —* ^(£2) is nondegenerate if ip{£\)B2 is 
dense in £ 2 . It follows then that tp : K,{£\) — > M.{K,{£i)) is also nondegenerate by 
[TU1 Example 1.10]. 

Proposition 6.2. Let A and -B be two X x G-algebras and let ir: A — > A4(B) be a 
(possibly degenerate) XwG-eguivariant * -homomorphism, that is, a * -homomorphism 
which intertwines the actions of G and Cq(X) on A and B. Then -k induces a 
morphism Te{^)'- Fe{A) — > M(Te(B)) = C(B x B G,Fe{B)) of Hilbert modules 
which is compatible with the homomorphism n XeG: A x E G — > A4(B ><i e G) (from 
Proposition \5.ty) and which is given by the formula: 

(6.3) ^(7r)(0fl = tt(0 *g= f A(t)- 1 / 2 /3 t (^(a9(^ 1 )) dt 

Jg 

for all £ £ F C (A) = C C (X) ■ A and g £ C C (G,B). Moreover, ir induces a * -homo- 
morphism tt% : A% -> M(B^) satisfying n% (E a (a)) = E^(ir(a)) /or oH a £ A c = 
G C (X) ■ A ■ C C (X). J/7T xi£ G is injective or nondegenerate (the latter follows, if it 
is nondegenerate) , then so are ^Fe(^) an d ^e- 

Proof. The * -homomorphism 7r x^; G induces a compatible morphism 

id^ (x) m x £ G: T(X) ® Co (x)xG {A -ae G) -> M{T{X) ® Co pOxG (B x b G)) 

which maps / <S> h £ C C (X) ® C C (G, A) to / ® (7r x# G)(h). Under the canonical 
isomorphisms J r (X)(g) C 7 o(X ) ><G (A x B G) = 7b (A) and 7*(X)ig)Co(x)xG (-B XfiG) = 
Fe{B) this therefore induces a compatible morphism J-e{^) '■ Fe(A) — » A^(7e(B)) 
and the description of the above decompositions for 7e(A) and Fe{B) in (|2.10p 
together with a straightforward computation shows that J-e{^) is given by (|6.3[) . 
By the above remark, J-e{k) induces a * -homomorphism 7r^ : A^ = K(Te(A)) — > 
M{JC{F E {B))) = M{B%) determined by tt g (jc(Ch» = ^b(t)K) ° FeWW for 
all £, 77 £ J-" C (A). Now, the adjoint operator J 7 e(7t)(?7)* is easily seen to be given by 

^(TOfarcit = (w*?)ic»c e (G lB )(*) = Aw- 1/2 ^w*/3 t (o 

for all C £ J~ C (B). Hence, for a = £77* £ A c , we get 

tt g (E»)C = Trf Gc(£|»?»C = 7 e (tt)(0 o^Mfo) *C 

= tt(0 * «7rfa) |C»c.(G,b) = ^(^HX = E' 3 ( 7 r(a))C. 

The last assertion concerning injectivity follows from Remark 16.11 The assertion 
about nondegeneracy follows from the fact that if 7r is nondegenerate, then so is 
-k x E G and hence also id.jr< X ) ® 7r x E G = Te ("") and its induced homomorphism 
7r G on compact operators. □ 

Remark 6.4. (1) Given a; £ C C (X) ■ Ai(B) (for a weakly proper X x G-algebra 
B), notice that x may be viewed as an element of M.(Fe{B)) (that is, a multiplier 
of the Hilbert module T E {B)) by the formula x ■ g := ) G &{ty 1/2 fi t {xg{t- l ))dt 
(and adjoint given by x*C|t = A(/j)- 1 / 2 x*ft(C) for all C £ Fc{B)). In this way, the 
formula (|6.3p for the morphism J-e{k) can be described more easily as 7e(7t)(^) = 
7r(£) for all £ £ J-" C (A), i.e., the map Fe{k) is essentially 7r when restricted to 
F C (A) C A. The homomorphism ir^ : A 1 ^ — > M(B^) may also be interpreted 
similarly. In fact, if 7r is nondegenerate, then 7Tj|(E Q (a)) = E /3 (7r(a)) = 7r(E a (a)) for 
all a £ A c , so that 7r^ coincides with the extension of ir to A^(A) on Af C Ai(A). 
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In general, for a possibly degenerate *-homomorphisrn tt: A — > M.(B), we can 
consider the bidual von Neumann algebras A" and B" and the weakly continuous 
extension tt" : A" -> B" of tt. Then E^(?r(a)) = 7r"(E a (a)) for all aei c because 
E a (o) = JU a* (a) dt may be interpreted as a weak limit in Ai(A) C A" . Therefore 
we can still say that ir^ is the restriction of tt" to Af . 

(2) For nondegenerate G-equivariant homomorphisms tt: A — >• A^(-B) and re- 
duced norms (i.e., for E 1 = B r (G)), the existence of tt g : A^ — > M(B^) was al- 
ready obtained in [TSJ, Proposition 2.6] using a more direct approach (which makes 
the proof much more technical and involved). The proof in this case could have 
been done also by using the above idea and the tensor decomposition J- r (A) = 
F(X) ®c (x)xG (-*4 Xr G) already available from [2UJ Theorem 7.1]. 

The above result already indicates that the assignment A i-> A^ is a functor 
between two different types of C*-categories. To be more precise, for a fixed lo- 
cally compact group and a G-space X, let us consider the categories <£*(X, G) and 
£*j(Jl, G) whose objects (in both) are weak X x G-algebras and whose morphisms 
A — > B in €*(X, G) are X x G-equivariant *-homomorphisms from A into B, and 
in £* d (X, G) are X x: G-equivariant nondegenerate *-homomorphism A — > Ai(B). 
In particular, considering the trivial group {e} and a space Y, we may consider 
the categories £*(Y) := £*(F, {e}) and ££ d (Y) := €*(Y,{e}) consisting of weak 
F-algebras (i.e., G*-algebras A endowed with a nondegenerate *-homomorphism 
Cq(Y) — > M(A)) and whose morphisms are either y-equivariant * -homomorphisms 
A — > B or nondegenerate F-equivariant * -homomorphisms A — > M(B). In the spe- 
cial case that Y = {pt} is the one-point space, we get the ordinary categories €* and 
£* d of G*-algebras with * -homomorphisms or nondegenerate * -homomorphisms as 
their morphisms. 

Corollary 6.5. If G acts properly on a space X and || • ||b denotes a C* -norm 
coming from a nonzero G-invariant weak-* -closed ideal E C B(G), then the assign- 
ments A n> Ag and tt h> it^ constructed above yield functors €*(X, G) — > €*(G\X) 
andq id (X,G)~>£* nd (G\X). 

Proof. For aX» G-equivariant *-homomorphism tt: A — > B it is clear that J 7 e('^) 
maps J 7 (A) into J-(B) and hence that tt g maps A^ into B^. It is also clear that 
these maps are G\X-equivariant. An easy exercise shows that tt <-> Te(tt) (and 
hence also tt h > tt g ) respects composition, i.e., Te(tt o p) = Te(tt) o Fe(p)- This 
yields the functor €*(X,G) -> €*(G\X) and the functor €* ld (X,G) -> €* nd (G\X) 
is obtained similarly. D 

7. Categorical Landstad Duality 

In this section we interpret our main result on Landstad duality (Theorem l4.6|) in 
categorical terms extending to exotic norms one of the main results by Kaliszewski 
and Quigg in |14| for reduced generalized fixed-point algebras. 

For a fixed locally compact group G, we let G act on it self by right trans- 
lation and consider the categories €*(G,G) and ^.^(G^) (already considered 
in the previous section). Both categories have the same objects, namely, weak 
G xi G-algebras, the only difference between them are their morphisms which are 
either G x G-equivariant * -homomorphisms or nondegenerate homomorphisms into 
multiplier algebras. 

Dually, we consider the categories £*(G) and £* d (G) whose objects are (in both) 
G-algebras, that is, pairs (B, S) consisting of a G*-algebra B and a G-coaction 
S on it. The morphisms in €*(G) are G-equivariant * -homomorphisms and in 
£* d (G) are nondegenerate G-equivariant * -homomorphisms into multiplier algebras, 
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where G-equi variance of a *-homomorphism between two G-algebras means that it 
commutes with the underlying coactions in the usual sense (see [S] for details). 

As observed before, for a given G-algebra, the crossed product B XI5 G carries a 
canonical structure as a G xi G-algebra given by the dual G-action and the canonical 
Go(G)-embedding Jc (G) m to M(B xs G). Moreover, it is well-known (see [H] for 
further details) that the crossed product construction (B,S) n> B X5 G may be 
viewed as a functor CPg between the categories C*(G) -> C*(G, G) and £* d (G) -> 
Qd(G,G). 

From now on, we fix a crossed-product norm || • \\e associated to a nonzero 
G-invariant ideal E C B(G). For such an E, we are interested in the full subcate- 
gories £*(G)e and £* d (G)_e of £*(G) and £* d (G), whose objects are S-coactions 
as defined in Definition 14.51 

Given a weak G x G-algebra (A, a), Theorem 14.61 implies that the ^-generalized 
fixed-point algebra A^ carries a S-coaction 5e, that is, it may be viewed as an object 
of €*{G)e or £* d (G)_E- Moreover, we already know that Fix B may be viewed as a 
functor €*{G,G) -> £* or €l d (G,G) ->■ €* ld . We want to view Fix^ as a functor 
£*{G,G) -^> €*{G) E or €* nd {G,G) ^ £* d (G) B . For this the only missing point is 
to see that Fix^ is well-defined on the level of morphisms, i.e., if 7r is a morphism 
from A to B in £*(G, G) or £* d (G, G), then the induced morphism ir^ from Ag to 
Bg (in €* or £* d ) is G-equivariant and hence a morphism in €*(G)e or £* d (G)_B- 
This will follow from the following lemma: 

Lemma 7.1. If A and B are weak G x G-algebras and it: A — > A4(B) is a 
Gx G-equivariant * -homomorphism, then the induced * -homomorphism tt^: A^ — > 
M.{B^,) is G-equivariant. 

Proof. By construction (see the proof of Proposition 16. 2|) . the homomorphism 
7Tg : Ag — » A^-B^) is induced on the algebras of compact operators by the mor- 
phism 7T := ^(tt): J-e(A) — > A^-F^-B)) given as in Proposition 16.21 and the 
coactions on A^j and B^ are induced by the corresponding G-coactions o"j^gi A \ on 
J-g(A) and S^Gr^ on ^^(B) as defined in Lemma [4.121 Hence, it is enough to 

see that T{tt) is G-equivariant with respect to the G-coactions SjrGr A \ and 8jtgi b \, 
i.e., it is enough to show that 

(if ® id)(^g (A) (0) = ^o (B) (7f(0) for all $ S jf(A). 

For this we use the formula SjrG( A \(£) = (4> A ® id)( w G)(C ® 1) f° r the coaction 
<^f g (a)j where </>a denotes the structural map Go(G) — > M(A). As in the proof of 
Lemma H~T2l the element (0A®id)(u>G)(£® 1) is (rigorously) in A4(^1®G*(G)), but 
is actually interpreted as an element in M. {T B (A) ®C*(G)). Similarly, we have the 
formula <^jf g (_b)( 7 ?) = {4>b ® id)(wc)(?y ® 1) for all r\ E J*?{B). Moreover, this same 
formula (with a similar interpretation) also holds for 77 e 4>b{C c {X))M{B), so that 
we may also apply it for r\ = ff(£) = 7r(£) (using the interpretation for if = J-"|j(7r) 
given in Remark 16. 4p . Using this and the equivariance of 7r with respect to the 
Go(G)-homomorphisms <j) A and 4>b (that is, the fact that ir((j) A (f)a) = 4>B(f)'x(a) 
for all a 6 A), we get, for every element z £ C*(G), 

(n ® id)(5jrG {A) {£))(l ® z) = (tt ® id) (0a (g> id)(w G )(£ <8> z) 

= (0b (8) id)(wo)(7r(0 ««) = 8j& (b)(tt(0)(1 ® z )- 

Since z € C*(G) was arbitrary, this yields the desired G-equivariance of ff. □ 
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The above lemma implies that the assignment Fix s which maps A to A^ and a 
morphism 7r from A to B to 7r^ may be viewed as a functor €*(G, G) — > C*(G)£ 
or £^ d (G,G) — > £* d (G)£. The following result extends to exotic generalized fixed- 
point algebras some results which have been obtained in [T3] in the case of reduced 
generalized fixed-point algebras: 

Theorem 7.2 (Categorical Landstad Duality). For a locally compact group G 
and a crossed-product norm \\ ■ \\e associated to a nonzero G-invariant ideal E C 
B(G), the functor Fix E : (A, a) i— > (A^^Se) is an equivalence between the categories 
€*(G,G) A €*{G) E and £* nd (G,G) A £* d (G) E . The crossed product functor 
CP^: (B,S) i—)- B x: 5 G is a quasi-inverse functor of Fix E - 

Proof. Given a weak G x G-algebra (A, a), Theorem 14.61 implies that the ^-general- 
ized fixed-point algebra A^ carries an £?-coaction Se of G and there is a canonical 
G xi G-equivariant isomorphism A^ x*s E G — > A which is given as the integrated 
form ka x <f>A of the covariant representation (ka^a)'- (Ae,Cq(G)) — > M.(A), 
where ka- A e — > M(A) is the extension of the inclusion map A^ <-> A4(A) (i.e., 
the representation given in Proposition 13. 5[) and <\>a'- Cq(G) —> M.(A) denotes the 
structural Go(G)-homomorphism of the G x G-algebra A. Moreover, Theorem 14.61 
also says that given an .E-coaction (B, $), there is an isomorphism (Ajj,, Se) — (B, 5). 
This means that the functor Fix^ is essentially surjective (between each of the 
above pairs of categories). To prove that Fix E is an equivalence, it is enough to 
show that it is full and faithful, i.e., for each pair of weak G X G-algebras (A, a) 
and (B,/3), G x G-equivariant morphisms (A, a) — >■ (B,j3) correspond bijectively 
to G-equivariant morphisms (A^,S E ) — > (B^,S E ) via the maps on morphisms in- 
duced by the functors Fix^j and CPg, i.e., the map Moi(A, B) -> Mor(A^,i?f) 
sending -k to 7r^ is a bijection, where Mor(a;, y) denotes the set of morphisms x — > y 
between objects of the underlying category (which in our case can be any one of 
the categories appearing in the statement). We prove this at the same time for 
both pairs of categories involving ordinary (equivariant) *-homomorphisms or non- 
degenerate *-homomorphisms into multiplier algebras as their morphisms. For this 
let it: A — > M.(B) be a (possibly degenerate) G x G-equivariant *-homomorphism. 
The induced homomorphism ir^ : A^ — > M(B^) is given by ^(E^a)) = Es(7r(a)) 
for all a £ A c (see Proposition 16. 2 J) , where E^(a) = J G ctt(a)dt and similarly for 
Eg. We now prove that the following diagram commutes: 

A g ,, Q ^^ A 



iSxG 



I" 



M(B% xi G) ^^ M(B) 

In fact, this follows from the following computation: for all a G A c and / e C C (X) 
we get 



G 



tt((k a x A )(j A o(E( a ))j^(/)) = ir(E A (a)Mf)) = E B (7r(a))<M/) 

-(^^0B)(j B g(IEB^(a)))jG g (/)) 

= (k b x &,)(*§ x G)(jAo(E(a))jf-(f)). 

The commutativity of the above diagram means that tt: A — > Ai(B) is deter- 
mined by ~Ke via the canonical isomorphisms ka x (f>A ■ A^ x G — > A and kb x 
4>b '■ B^ x G -^» B. More precisely, this means that the canonical map Mor(A, B) — > 
Mor(A < ^,B^) which sends n to tt^ is injective. It is also surjective because given 
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a (possibly degenerate) G-equivariant *-homomorphism a: A^ — > Ai(B^), we 
can consider the corresponding *-homomorphism a x G: A^ xG-> A4(Bg X G) 
which is G x G-equivariant. Composing a X G with the canonical isomorphisms 
k^ x ^ and (kb x </>b) _1 , this yields a G x G-equivariant homomorphism 7r := 
(kb x 0b) _1 o (cr x G) o k^ x ^4 such that ir^ = er (by the above commutative dia- 
gram). Therefore Fix £ yields an equivalence of categories C*(G, G) -^» €*(G)e and 
£* d (G, G) -^> £* d (G)_e- Moreover, our arguments above show that the composition 
functor CP^ o Fix^ is naturally isomorphic to the identity functor on €*(G, G) or 
£* d (G, G): the natural isomorphism at a given object {i.e., a weak G x G-algebra) 
A is the canonical isomorphism ka^ 4>a'- A^ x G ^> A (notice that the arguments 
above show that this is natural). This means that CP-^ is a left quasi- inverse for 
Fix^. Since we already know that Fix^ is an equivalence, it follows that CP^ is a 
quasi-inverse for Fix B (and hence also an equivalence functor) . □ 

Remark 7.3. In this paper we did not consider functoriality of our generalized hxed- 
point algebra constructions for (equivariant) categories based on correspondences 
(as done in [3] for the reduced case), but it is indeed possible to obtain functoriality 
also in this setting (and we postpone the full proof of this fact to a forthcoming 
paper) under the assumption that all actions involved are saturated (which includes 
the important case where the action on the underlying proper G-space X is free 
- this is the assumption made in [3J - and, in particular, covers the case of G x 
G-algebras). We are not going to discuss this, but it is certainly also possible to 
prove a version of the categorical Landstad duality theorem above for categories of 
weak G y\ G- and G-algebras with equivariant correspondences as their morphisms. 
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